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1 Introduction

Positive random variables with asymmetric distributions arise in many statistical appli-
cations and often the population mean (i.e., the expected value of the random variable)
is the parameter of interest. We consider the problem of testing the hypothesis that the
mean of a single population equals a given value (one-sample problem) or that the means
of several populations are identical (multi-sample problem) and, in both cases, we use the
notation Hy to denote this hypothesis. Unfortunately, testing Hy is a difficult problem
when the data contain outliers.

For example, the length of stay (LOS) is often used as an indicator of hospital resource
consumption and LOS means of medically homogeneous groups of patients are used for
budgeting, the cost of such a group of patients being proportional to its mean LOS. It is
common to compare LOS means among different hospitals or over different periods of time
and it is easy to give examples where common tests of mean (e.g. the t-test on transformed
or untransformed LOS) lead to the opposite decision when a single atypical stay is removed
from the data set. Procedures for automatic outlier detection, robust mean estimation,
and robust mean comparison are therefore of great interest in this framework.

Many robust nonparametric techniques for comparing asymmetric populations are
available (Hettmansperger and McKean, 1998). The usual assumption underlying these
methods is that the populations differ by at most shifts in location. In the one-sample
case, Hy is then equivalent to the hypothesis that the location measure (e.g., the median)
equals a given value; in the two-sample case, the hypothesis of a null shift is equivalent
to Hg. However, in many applications the distributions differ in shape and the mean is
not a location parameter. The problem of testing Hy in this case has been considered by
some authors: Cressie and Whitford (1986) propose corrections of the two sample t-test
to account for nonzero skewness and kurtosis; Shiue et al.(1988) describe tests of equal
Gamma distribution means with unequal shapes. Unfortunately, these tests are based
on classical measures of moments and are not outlier resistant. There appears to be few
results on tests based on robust estimates of means of asymmetric distributions; see Tiku
(1982), Wilcox (1990; with a brief overview) and Wilcox et al. (1998).

On some occasions one may find a symmetry-creating transformation (e.g., the log)
and consequently use robust tools, such as trimmed means and M-estimates, that are
then available (Hampel et al, 1986; Staudte an Sheather, 1990). This approach — recently

followed by Guo and Luh (2000) — also has a few drawbacks: for example, unless two
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transformed samples are homoscedastic, the hypothesis of a null shift in the log scale
is not equivalent to the target hypothesis of equality of means and it may be difficult
to find a simple transformation for both symmetry and homoscedasticity. Moreover, in
the asymmetric case, dispersion is usually a main component of mean, not a nuisance
parameter as in the symmetric case; therefore, the usual robust estimates of location and
dispersion lead to inefficient estimates (and low power tests) for means when transformed

back to the original scale.

The trimmed mean of the untransformed data is an appealing nonparametric robust
estimate of the population mean after removal of a fixed proportion « of extremely large
values. Its breakdown point is «, which can be as high as 50% (but the estimate cannot be
interpreted as a mean in this case). Usual trimming proportions range from 5% to 10% and
can be satisfactory for mildly to moderately contaminated data. In case of moderate to
severe contaminations, and when a parametric model is a reasonable description of the data
majority, it is be preferable to use a parametric robust estimate. For example, Victoria-
Feser and Ronchetti (1994, 1997) use M-estimators of the Gamma distribution to describe
income data; Marazzi et al. (1998) use the same kind of estimators to model hospital
length of stay with Lognormal, Weibull, and Gamma distributions. Highly robust and
efficient parametric estimates of the population mean have been recently developed. One
of them is the “truncated mean” proposed by Marazzi and Ruffieux (1999). This estimate
is similar to a trimmed mean but the trimming points are provided by a parametric model.
Unlike the common trimmed mean, the truncated mean does not remove a fixed proportion
of extreme observations; it is asymptotically unbiased under the model, has an efficiency
of about 80%, and can attain the maximum 50% breakdown point.

When a certain parametric or nonparametric estimator has been chosen, it is natural
to test hypotheses concerning “robust means” defined through this estimator. It is the
purpose of this paper to study this kind of test. Formally, let Y;, j =1,...,k, be random
variables with unknown cdf-s F}, k being the number of samples. In the parametric case,
we assume that the Fj-s can be approximately described with the help of some, possibly
contaminated, parametric models with shapes «; and scales o;. Examples are Lognormal,
Weibull, Gamma, and Pareto distributions. Let 6; = (a;,0;) and denote by Fy, the
corresponding cdf with density fs,. We consider the functional u(F) = [ ydF(y), use the
abbreviation p(6;) in place of p(Fp,), and assume that p(6;) = 0;&(a;) for some positive

function £(-). The examples just mentioned satisfy this condition. Let y; = (y;1,--.,¥jn;)>

3



Jj=1,...,k, be samples of iid observations from F; and let F;,, ,, be the empirical cdf of
y;. We assume that some procedure for the computation of a robust Fisher consistent and
asymptotically normal estimator é(Fnj,yj) = (&(Fn,,y;),0(Fn,.y,;)) of 0; with asymptotic
value §(F}) and asymptotic covariance matrix V (6, F}) is available (see references above),
that & is scale equivariant, and define f(F};) = M(Fé( Fj)). In the nonparametric case,
fi(Fp; y,) is an estimator that does not depend on a parametric model, e.g., a sample
trimmed mean; we assume that [i(F,, ;) is scale equivariant and asymptotically normal
with mean /i(F;) and variance V (fi, F}).

We define the parameter of interest in terms of the population value of its estimate
(Huber 1981, pp. 6-7). In other words, we make inferences for ji(F}) (in place of p(F;)) and
call /i(F}) a robust mean of F;. In this context, the robust means represent approximations
of the population means after removal of the extreme values (see also Wilcox et al., 1998,
p. 133). We are interested in testing the hypothesis that the robust mean of F; equals
a given value or that the Fj-s have a common robust mean, without assuming identical
shapes or scales. We use simple studentized test statistics that can be based on parametric
or nonparametric estimators ji(Fy,; ;) and the bootstrap as a general tool to compute the
finite sample null distribution of the test statistic.

According to the classical approach to bootstrap tests, simulated samples are gener-
ated from estimates Fj of the Fj-s under the null hypothesis, i.e., from the null model.
Often, this can be avoided by using a pivotal test statistic (see, e.g., Davison and Hinkley,
1997, p. 171) or a depth based test statistics (Liu and Singh, 1997). However, a null
model may be useful to compute confidence intervals when the hypothesis is accepted. To
compute a nonparametric null model, one often assumes that the Fj—s are supported on
the corresponding sample values and minimizes the aggregated Kullback-Leibler disparity
betwen Fj and [}, , subject to the constraint of equal means (Efron and Tibshirani,
1993; Davison and Hinkley, 1997). The constrained nonparametric maximum likelihood
estimates Fj obtained in this way are then called “exponentially tilted versions” (briefly,
“exponential tilts”) of F,, ..

Within the nonparametric setting, we will show how to compute robust exponential
tilts of F,, ., under the constraint of identical robust means. The procedure is however
rather complex. In the parametric setting we will proceed in an analogous way and consider
estimates Fy, that minimize the aggregated Kullback-Leibler disparity between Fy, and

F(;j under the same constraint. We use the available full model estimates Féj in place
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of F,

n,,y; avoiding the computation of complex constrained robust estimators. We show
however that, if the éj are unconstrained maximum likelihood estimates, our criterion
provides the exact constrained maximum likelihood estimate in the case of the exponential
family and good approximations in other cases. It is therefore a reasonable criterion to
derive a robust constrained estimator from unconstrained ones.

The paper is organized as follows. Section 2 describes a simple studentized test statis-
tic that can be based both on parametric and nonparametric estimates. Section 3 consid-
ers the computation of the exponential tilts under the null hypotheses for robust means.
Section 4 introduces the parametric constrained robust estimation criteria. Section 5 in-
dicates in detail how the constrained estimates are used to set up the null models used in
the bootstrap simulations. In Section 6, the procedures are evaluated and compared to
their classical counterparts with the help of a real set of hospital length of stays and using
simulated data. Since the truncated mean does not strongly depend on the model, it is

used to illustrate both the parametric and the nonparametric approaches. The results are

summarized in Section 7. Technical details and proofs are given in the appendix.

2 The test statistics

We use the abbreviations y = (y1,y2,...,Yk), F =F1-Fa...- - F, Fyy = Foy gy - Frgyss
and fi; = fi(Fy,y,), 7 = 1,...,k. We consider simple studentized test statistics ¢(F}, ),
that can be based on parametric or nonparametric estimators fi(F,; ,,), assuming that
procedures for the computation of the estimators and their asymptotic variances V (i, F)
for F' = F), , are available. The bootstrap null distribution of ¢ is then obtained using
simulated values t(Fj, ), where y* is drawn from estimates Fy of F that satisfy the null

hypothesis. Methods to determine Fj will be described in the next three sections.

2.1 One-sample problem. For a moment, we drop the suffix “1” from Fy, Y7, y14, n1,

0, etc., and consider the hypothesis
Ho = A(F) = po-

Various test statistics could be considered for this hypothesis but, for the purpose of

illustration, we restrict our attention to

t(me) = d(Fn,y)/U(CL me)l/z’ (2.1)
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where d(F) = h(a(F))—h(po), v(d, Fpy) = n W (f(Fny))?V (f, Fry), and h is a variance
stabilizing transformation. This is a Wald type test statistic for h(4(F)). In general, h
is chosen so that h/(2)?V (i, F) is approximately a constant function of fi; an important
special case is h(-) = In(-). Under Hy, the statistic ¢ is asymptotically normal; moreover,
t is approximately a pivot (meaning that its distribution is approximately independent of

unknown parameters), and its power function does non depend on h (Appendix 1).

2.2 Two-sample problem. We consider the hypothesis
Ho: a(F1) = a(F2),

define d(F') = h(f2) — (i), v(d, F,y) = Zn;lh/(ﬂj)QV(ﬂj,Fn%yj), and use (2.1) to

define the test statistic. The comments following (2.1) are still appropriate.

2.3 Multi-sample problem. To test
Ho: f(FY) = ... = ji(Fy)

the statistics ¢ can be extended in various ways, e.g,

t(Fny) =Y wi(h(fi;) — h(fio))?,

where fig = > w;h(fi;)/ > wj and w; = n; /[ (;)*V (i, Fy, ;)] (Welch, 1951). Asymp-

totically, ¢ has a x? distribution with k& — 1 degrees of freedom when H, is true.

3 Exponential tilting for a robust constraint

In this section, we modify the methods described in Efron and Tibshirani (1993, p. 235)
and Davison and Hinkley (1997, p. 166) to compute constrained nonparametric maximum
likelihood estimators of the Fj-s. In the classical setup the constraint is p(Fi) = o
(one-sample problem) or u(Fy) = p(Fs) (two-sample problem); here, we replace p with a
robust estimator ji. The generalization from the two-sample to the multi-sample problem

is straightforward and is left to the reader.

3.1 The one-sample case. As in Section 2.1, we drop the suffix “1” from Fy, Y7, y1;, n1,

etc. Let P be the set of discrete distributions F}, = > p;A,,, where A, denote the cdf of
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a point mass at y;, p; > 0 for all i, p = (p1,...,pn), and let Py = {F, € P | i(F),) = po}-
We look for a distribution Fj; € Py, such that

dxr(Fny, Fp) = rr71)in A (Fny: Fp),
0

where dir,(Fn,y, Fp) = Y piln(np;) denotes the Kullback-Leibler disparity between F, ,
and F,. Unlike the classical problem, the constraint fi(F},) = po is nonlinear in p.
In order to solve this optimization problem, the influence function (IF, Hampel et al.,

1986) of {1 must be computed. By definition,
TF(y: i, ) =Ml a((1 = ) F +tAy) — a(F)]/t

where y denotes a value of Y and F' the cdf of Y. We use the abbreviation I;(F) =
IF(y;; 1, F), the infinitesimal influence of y; on fi(F). The following proposition (proved

in Appendix 2) gives a necessary condition for optimality.

PROPOSITION 1. If Fj minimizes dir (Fy,y, Fp) under the constraint fi(F),) = po and

0 <p; <1 for all i, then Fj is an exponential tilt of F, ,, i.e.,
pi = exp(A;(Fp))/ > exp(A;(Fp)). (3.1)

The probabilities p; depend on the scalar A that must be determined so that i(Fj) = po-

REMARK. When i(F) = u(F), I;(F) = y; and Proposition 1 characterizes the classical

exponential tilt of F;, .

Two difficulties must be faced in order to use this proposition. First, the IF-s of many
robust estimators (e.g., the trimmed means, Hampel et al 1986, p. 108-110) do not exist
when F' is not continuous; second, condition (3.1) is a highly dimensional nonlinear system
of equations that must be solved numerically.

In order to compute I;(F),) for a discrete Fj,, we propose to replace the original esti-
mator /i with a “smoothed version” as follows. Let F,,(y) = > piGY: (y) be a smooth of F,
where Gg; denotes a continuous cdf (for simplicity, we take a normal cdf) with location
y; and scale J;; the scales §;, © = 1,...,n are fixed by the user. The smooth of j is then

defined as

=l

(Fp) = ﬂ(pp)-
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It then follows that (Huber, 1981, p.37)

IF(ysiio Fy) = [ TP(s o Fy)AG3, ().
Clearly, in order to maintain the robustness properties of [, the J;-s must be chosen as
small as possible, while preserving the stability of computations. As a guideline, the values
of i(F,) and fi(F,) as well as the influences I F(y;; fi, F,,) and I F(y; fi, F},) should be close.

An example is considered in Section 6.

A simple algorithm to solve (3.1) applies the Picard iteration
~(k+ ) — = exp(A;(Fzm)) Zexp (AL (Fp))

until convergence, for various values of A\. This pr0v1des a set of approximate solutions
pi(A), from which the one that solves ji(Fjs(x)) = o is chosen. Unfortunately, the conver-
gence of this algorithm is impeded by the high dimensionality and because the influences
have to be evaluated with numerical integration. However, when Hg is true, Fj; is close
to F,, and we may replace the nonlinear function fi(F},) with the linear approximation
((Fn.y) + S pil;, where I; = I;(F,,) (Hampel et al., 1986, p.85) in the constraint. Note

that I; does not depend on p and that the necessary condition then becomes more explicit,
i = exp( )\I Zexp )\I
where A satisfies [i(F, ,) + 3. pil; = po. An example is considered in Section 6.

3.2 The two-sample case. In this subsection we consider the problem of minimizing the
aggregated Kullback-Leibler disparity Z§:1 >i21 pjiIn(pj;) under the constraint fi(F,,) =
1(Fp,) where the F), , j = 1,2, are discrete distributions that put probabilities p;; on y;;
for each 7. Linearizing the constraint, one obtains the necessary conditions

pri =exp(Mi;)/ > exp(Aly), i=1,...,n1,

D2j = exp(—)\fzj)/ Zexp(—)\fgi), j=1,...,n9,
where fji = IF(yji; b, Frn, y;) and X satisfies ji(F,, 4, ) + Zﬁuju = (W(Fy, ) + Zf)zzjm-
Finally, note that the approximation

i(Fp,) = f(Foyyy) + > rilui (3.3)

provides an estimate to the common robust mean of F; and F5.

(3.2)



4 Parametric constrained robust estimation

We now consider methods to compute parametric robust estimates of the Fj-s, under the
constraints given by the one- and the multi-sample null hypotheses. As in the nonpara-
metric case we look for maximum likelihood type estimators.

Let ¢(G,A,) denote the log-likelihood of a model with cdf G with respect to an
observation y and A, the cdf of point mass at y. We define (G, H) = [{(G,A,)dH (y),
where H is an arbitrary cdf. The Kullback-Leibler disparity (Lindsey, 1996, p. 101)
between G and H is then

drr(G,H)=¢(H,H) - {(G, H).

In the following, we consider the problem of minimizing dx (G, H) over G for given H,
under a certain constraint. This problem is equivalent to the problem of maximizing

¢(G, H) under the same constraint.

4.1 The one-sample problem. As in Section 2.1, we drop the suffix “1” from the
notations Fy, Y1, y1i, n1, 61 etc. We consider the problem of fitting a parametric model

Fy to the empirical cdf F;, , under the constraint

Ko : p(0) = po,

where pg is a given value. Let ©g = {6 | u() = po} be the parameter space under Ky.

The constrained mazimum likelihood (CML) estimator 0, = (a.,.) of 0 is defined as

GC = argmineo dKL(Fg, Fn,y). (41)

Since K¢ can be re-expressed as o = po/&(a), 0, is best computed by solving

> solasyi) =0,
i=1

where sq(c; y) is the score function of the reduced model: so(c;y) = 0/0a £(Fy 15 /¢(a); Y)-
(Obvious changes can be made if it is more convenient to express « as a function of o.)
A natural robust extension of the CML-estimator is the constrained M-estimator éc =

(G, G¢), where @, is a solution of
> wlso(a; y:) — B(a)] =0, (4.2)
i=1
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and 6. = po/&(&.). B(a) is an implicitly defined bias correction (Hampel et al., 1986, p.
117) such that

/ Plso( ) — B(0)] o ety (4)dy = 0:

() is some bounded function, e.g. Huber’s function max[—b, min(b, z)]) with tuning
constant b. Unfortunately, this estimator is computationally awkward, especially in the
multisample case, and programs are not available. Users of other types of estimators
(e.g., the truncated mean) encounter anologous difficulties. We propose therefore a very
simple criterion to compute a constrained estimator when an unconstrained one, say é, is

available. The idea is to replace F), , by Fj in (4.1).

Criterion C. Use the constrained estimator . = (G, 0c) defined as the value of 6 that

satisfies

0. = argming, dgr(Fp, Fy), (4.3)
where 0 is an available unconstrained robust estimator. We call 0. the constrained optimal

disparity estimator based on é, abbreviated the C-estimator.

EXAMPLE. Suppose that Y has a Lognormal distribution F{, -y and let G, ) denote the
normal distribution of X = In(Y’) with mean A and scale 7. The scale parameter of F, .
is 0 = exp(\) and the shape parameter is « = 7. Suppose that (5\, 7) is a robust estimate
of (A, 7), e.g., the sample median and median absolute deviation. With z = (z — \) /7, we

obtain
UG ary Ay) = —2%/2 = In(7) — In(v27),
UG Cisn) = —5mg 77 + (A= AP ~In(7) — In(v2m),
UFnm Fisg) = UGam G py) — X
Using the constraint A + 72/2 = In(up), we have 0/0TUG (1n(uo)—72/2,7), G(5.4)) = [72 +
(In(o) — N)2]/73 — 7/4 —1/7 and

Ae = In(po) — 72 /2,
72 = 2{[1+ 72 + (A = In(0))*)"/* = 1},
provides the constrained maximum of ([, -, Fs %)). Further examples can be found in

Appendix 4.
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Obviously, we may take the maximum likelihood estimator (ML) as a particular non-
robust unconstrained estimator 8. We can then prove (Appendix 3) the following propo-

sition.

PROPOSITION 2. Let Fy(y) denote the cdf of a member of the exponential family of
distributions in the natural parametrization and let 6 be the maximum-likelihood estimator
of . Any estimator that maximizes ¢(Fp, F}, ,) under some constraint for 6 coincides with

the estimator that maximizes ¢(Fp, ;) under the same constraint.

It then follows that the C-estimator based on the unconstrained ML-estimator coin-
cides with the CML-estimator, when Fjy belongs to the exponential family of distributions.
This result obviously extends to models that can be transformed to members of the ex-
ponential family, e.g. the Lognormal distribution. For the Weibull model, numerical
comparisons show that the C-estimator is a very good approximation. Since good robust
estimators are close to the ML-estimator in the absence of outliers, we conjecture that the
criterion (4.3) is a promising simple way to obtain a constrained robust estimator when
an unconstrained one is already available. The asymptotic normality of the C-estimator
readily follows from the assumed properties of the unconstrained estimates; the asymptotic
covariance matrix can be computed with the help of the IF. Appendix 5 shows that the
IF of the C-estimator is proportional to the IF of 6 and, therefore, bounded. Clearly, the
C-estimator inherits the breakdownpoint of 8, which may be as high as 50%.

Finally, we consider a crude short cut that requires no extra computational effort

when 6 is available, but that performs well in many applications (Section 5 and Section 6).

Criterion Q. Use the constrained estimator
6. = argming, d,(Fy, Fy), (4.4)

where d (Fy, Fy) = | — & and 0 is the available unconstrained robust estimator. In other
words, set d, = & and 6. = po/E(&). We call 0, the quickly constrained estimator based

on é, or simply the @Q-estimator.

REMARK. If the constrained model is correct and 6 is asymptotically unbiased, the esti-

mators provided by criterions C and Q are asymptotically unbiased.
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4.3 The multi-sample problem. We now consider the problem of fitting & models Fjp,

(0; = (e,05), j=1,...,k) under the constraints
Ko: p(b1) =...= p(b).
We use the abbreviations 0 = (64,...,0%), 6 = (él,...,ék), Fy = Fy, - ... Fp,,
Fny=Fy 4 .- Fpn, 4., and define
k
dir(Fo, Fry) = andKL(F%’Fnjayj)'
j=1

With this extension of dx 1., the k-sample CML-estimate 6, = ((@jec, jc)) is given again by

(4.1), where ©g is the multi-sample parameter space under Ky. Using

dxr(Fo, Fy andKL Fy; Fy)
j=1

in (4.3) we have the k-sample constrained C-estimator 0. based on the available estimates
01,...,0
We remark that the 2k-dimensional optimization problem defined by (4.3) is equivalent

to the one-dimensional unconstrained problem of computing

k

min > nidir(Fa (o), 25 (o) £, ),
7j=1

where z;(p0) = po/é(aj(po)) and aj(po) = argmin, dgr( Fouoe(a), Fy, ),J = 1,... k.

Moreover, the problem of computing a;(10) for a given pg is equivalent to the one-sample
version of (4.3). Thus, numerical procedures for computing the one-sample C-estimator,
are also useful for the k-sample case. It also follows that the k-sample C-estimator based
on the unconstrained ML-estimator coincides with the k-sample CML-estimator (Lognor-
mal model and exponential family) or it is a very good approximation (Weibull model).
Moreover, if the constrained model is correct, the estimator provided by criterion C is
asymptotically unbiased.

Finally, using

Fg, an )
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in (4.4), one obtains the k-sample constrained Q-estimator based on é, ie., dj. = qj,
Gje = po/(&;), j = 1,...,k, where po is an arbitrary common mean. An additional
criterion should be used to determine pg; this is however not necessary for the purpose of

testing (Section 5).

5 Setting up the null models

Here, we indicate in detail how the constrained estimates are used to set up the null models
F} for the simulation. We follow the general guidelines discussed in Efron and Tibshirani
(1993, Chapter 16) and Davison and Hinkley (1997, Chapter 4). In addition, we briefly
discuss the computation of confidence intervals. We consider the one- and two-sample

cases, the generalisation to several samples being straightforward.

One-sample problem. A nonparametric null model based on an exponentially tilted
version of Fj, , is obviously determined according to the procedure described in Section
3.1; thus, [y = Fj.

For a parametric model, the condition Hy : i(Fy) = o is equivalent to g : p(0) = po,
when 6 is Fisher consistent. We may, therefore, use the estimates 6, (Criterion C) or 0,
(Criterion Q) defined in Section 4.1 and set Fy = Fy or Fy = Fy; . Note that the choice
of the null model assumes that the possible distributions of Y are just rescaled versions of
one another (i.e., Y ~ F(, ,0/¢(a)) for some a) and that pg is a scale factor. Thus, the test
statistic t(F,, ) with h(-) = In(-), as well as its null distribution, do not depend on .

In order to reduce the model dependency of FO, one may also consider a semiparametric
approach based on the assumption that Y ~ G(-/o) for some unspecified distribution G
and set Fy = F, 5, where g = (puo/ft)y and it = fi(Fy). Fy satisfies Ho because po/fi
is a scale factor and i is scale equivariant. This procedure is a simple reformulation for
scale and shape models of the semiparametric approach described in Efron and Tibshirani

(1993, pp.224) for location and scale models.

Two-sample problem. A nonparametric robust null model based on exponential tilts of
F, ., can be determined according to the methods of Section 3.2: we set Fjo = Fj,.
The parametric approach sets f?’jo = Féj or Fjo = Fy , the parameter estimates
c jc

being defined in Section 4.2. Note that, when using the Q-estimator, the common mean
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o (Section 4) is a scale factor; therefore, if h(-) = In(-), the test statistic ¢ does not depend
on [i9 which can be arbitrarily chosen.

If we just assume that Y; ~ G;(-/o;) (j = 1,2) for some unspecified distributions
G1 and G, then we can use a semiparametric approach and set Fjo = Py, 5,, where

U; = [po/f1j]y; and po is arbitrary.

Confidence intervals. In the one-sample case, confidence intervals for i(F') are based
on simulated values of the unconstrained estimator [L(Fn’y*), where y* is drawn from
F, ., (nonparametric case) or from Fj (parametric case). Similarly, in the two sample
case, confidence intervals for d(F') are based on simulated values d(F, ,~), where y* is
drawn from (parametric or nonparametric) unconstrained estimates of F. However, if
the hypothesis is accepted, confidence intervals for a common mean have to be computed
on the ground of the constrained two-sample estimates defined by (3.3) (nonparametric
case) and (4.3) (parametric case). (The two-sample Q-estimate is not well defined for
this purpose because pp needs to be specified). If a bootstrap procedure is used, y* is
drawn from Fj, - F5, (nonparametric case) or from Fj (parametric case). Unfortunately
the computation of the constrained nonparametric estimator (Section 3) is rather complex
and requires some manual tuning of the smooth parameters J; (Section 6). This makes
the bootstrap unrealistic. On the contrary, the parametric case is straightforward; in
addition, asymptotic approximations based on influence function estimates of variance are

also available (Appendix 5).

REMARK. The parametric procedures described above do not require the same model to

be assumed for all samples.

6 Examples and empirical results

In this section, we give examples of two-samples tests, the most frequent case found in
practice. We llustrate major differences between robust and non-robust tests, as well as
the computation of confidence intervals when the hypothesis is accepted (i.e., under the null
model). We start with an example using real data; then, we explore the most important

findings suggested by this example using simulated data.
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Estimators and tests. The truncated mean (TM; Marazzi and Ruffieux, 1999) is a very
robust and efficient estimator. Therefore, we expect that the bootstrap tests based on TM
are robust and powerful. Since this estimator depends only slightly on the model, we use

it to illustrate both the parametric and the nonparametric simulation schemes.

We compare bootstrap tests based on TM with three classical tests: the pooled t-
test, the Cressie and Whitford (1986) test based on a skewness adjusted statistic T4,
and the mean ratio test for Gamma distributions of Shiue et al. (1988). In addition we
consider simple tests based on the trimmed mean, i.e., the test of Guo and Luh (2000;
abbreviated 7.5GL) that uses an invertible transformation to correct skewness and then
employs the symmetric S-trimmed mean to correct heavy tails and variance heterogeneity
(we set = 7.5%), as well as a bootstrap test based on the asymmetric 7.5%-trimmed mean
(7.5T) and semiparametric resampling (7.5% trimming is nearly optimal for the data sets
described below). For all bootstrap tests, influence function estimates of variance are used
to compute the statistic ¢ and the transformation h(-) = log(-) is used to stabilize the

variance of d(F;, ,-); simulations are based on 1000 replications.

The notation TM/C will be used to indicate a parametric null model based on TM
and Criterion C, ML/Q for a null model based on ML and Criterion Q, etc.

Data sets. Three data sets, “Real data”, A, and B are provided in Appendix 6. The
real data are described below. Data set A is made of two samples of size 50: the first 47
Yi-values are drawn from a Gamma distribution with ¢ = 1 and a = 5, and the last 3
values from a contaminating uniform distribution on [20, 70]. The 50 Y3-values are Gamma
distributed with ¢ = 5 and @ = 1. Thus, the means of the uncontaminated populations
are both equal to 5. Data set B consists of two samples of size 50. The first 47 Y;-values
are Gamma distributed with ¢ = 1 and a = 5, and the last 3 are outliers from a uniform
distribution on [20, 70]. The 50 Ys-values are Gamma distributed with o = 7.5 and o = 1.
Thus, the uncontaminated means are 5 and 7.5. The contamination fraction is 6% for both

A and B.

Tuning. We use a special kind of truncated mean defined as the “TD-estimator” in
Marazzi and Ruffieux (1999). The initial model fit is based on the symmetric S-trimmed

mean and the v-trimmed absolute deviation with 8 = v = 0.4; thus, the breakdown point
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is 40%. The trimming points are chosen with the help of this model so that the TM
is Fisher consistent and has an asymptotic relative efficiency of 0.8 with respect to the
ML-estimator.

The smooth parameters §; (Section 3) were first set to 0.2 in all examples. However,
some irregularities in the influences of i were observed with the simulated data from
Gamma(a = 5,0 = 1). In those cases, J; was set to 0.4 for all i. For the data set A, the
choice was assessed as follows. First, the empirical cdf-s F},, ,. (j = 1,2) were compared
to their smooths Fnj7yj = Zz(l/nﬂ)GgJ Figure 1, panels (a) and (b) show an excellent
agreement. Then the estimates [i(F,, ,,) = 4.87, l(Fy, 4,) = 4.61, i(Fy, 4, ) = 4.93, and
fi(Fyy 4,) = 4.61 were obtained, showing that the agreement between the original and the
smoothed estimates was satisfactory. Finally, the influence functions IF(y, f, Fy, y,;) and
IF(y,f, Fnj,yj) were compared (Figure 1, panels (¢) and (d)). Again, the agreement was

excellent. A similar assessment was done for all data sets.

Figure 1

Two-sample problem with real data. Figure 2, panel (a), shows the histogram of the
lengths of stay (LOS, in days) for 315 patients hospitalized in Belgium (BE) during 1988
for certain “disorders of the nervous system”; panel (b) shows the LOS histogram for 32
patients hospitalized during the same year in Switzerland (CH) for the same kind of illness.

Figure 2

LOS is an important indicator of (and substitute for) hospital costs that are not yet
easily available (e.g., Lave and Leinhardt, 1976). LOS “averages” of medically homoge-
neous groups of patients are routinely used as a basis for hospital resource allocation.
(Around 500 groups and several hundreds of patients are common.) Unfortunately, LOS
distributions are asymmetric and contain outliers whose value and frequency fluctuate
from sample to sample, e.g., from year to year; this makes the most common measure of
average, the arithmetic mean, very unstable and inappropriate. Therefore, outliers are
usually removed according to various rules (Beguin et al., 1991) and the means of the
remaining stays are computed. On the basis of these robust means, resources are allocated
prospectively to the expected regular cases in each group; exceptionally extreme cases are
carefully inspected and reimboursed retrospectively. Clearly, comparisons of robust means

among different hospitals or over different periods of time are of great interest.
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For the data of this example, the arithmetic means are 7.9 (BE) and 25.5 (CH) days.
Both distributions contain outliers (not shown on the histograms, which are truncated at
LOS=50 days); two very extreme stays - 374 and 198 days - belong to the Swiss sample.
Removing these two stays reduces the Swiss mean to 8.1 days.

Table 1 gives one-sided P-values of the tests mentioned above for testing equality of
the robust population means jipgp and ficy against the alternative fipp < ficy. All the
classical tests strongly reject the hypothesis but accept it when the two most extreme
outliers are removed. The test decision is therefore determined by just two observations.

Shape and scale models are particularly appropriate for this kind of data: cost vari-
ations are commonly modeled with the help of scale transformations and it is reasonable
not to assume identical shapes for hospitals with different management or medical policies.
The two densities drawn with solid lines are Gamma distributions provided by the fitting
procedure of the TM-estimator. Although stays are rounded to integer values, the two
models approximately describe the majority of the data; the TM-estimates are 4.97 (BE)
and 4.00 (CH) days, both with the complete and the reduced data set. Similar results
were obtained using Weibull models. (For the purpose of comparison, the Gamma densi-
ties fitted by maximum likelihood are drawn with thin lines.) Both these models were used
to compute tests based on TM and the P-values reported in Table 1 were automatically
non-significant (at the usual 5% level) with the complete data set. They remained virtually
unchanged when outliers were removed.

The tests based on trimming were also clearly non significant with the full data set;

however, their P-values greatly changed when outliers were removed.

Table 1

Two-sample problems with simulated data. The previous example showed that the
P-values of classical and trimmed mean based tests lack of robustness. We now illustrate
the consequences of this deficiency with the help of simulated data with known “true”
parameters.

Table 2 gives the P-values of the tests mentioned above for Data set A. With the full
data set, all classical tests wrongly reject the hypothesis of identical means but they accept
it when outliers are removed. All the TM tests correctly accept the hypothesis with large

P-values, with and without outliers. Note that the same conclusion is reached even if the
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Weibull model is erroneously assumed to compute TM. Finally, 7.5T and 7.5GL attain the
correct decisions, but their P-values are disappointly low.

Table 2

Table 3 gives the P-values for Data set B. The classical tests do not detect the mean
difference unless the outliers are removed, whereas the TM tests clearly reject the hypoth-
esis of identical means, both with the full data set and when outliers are removed. Finally,
the power of the tests based on trimmed means (that do not use any information about
the shapes) is too low: 7.5T never detect the mean difference and 7.5GL is inconclusive.

Table 3

Confidence intervals. Table 4 reports symmetric 90%-percentile confidence intervals,
as well as the asymptotic normal approximations (based on Appendix 5), for the common
average LOS obtained with 1000 simulated values of the two-sample constrained estimates
CML, ML/C, and TM/C. Note the excellent agreement between the CML and ML/C
procedures — both in the Gamma and the Weibull cases — and the dramatic disagreement
between classical and robust intervals.

Table 4

Table 5 reports similar intervals for the common mean (u = 5) of the two samples in
data set A. As expected, the confidence intervals based on the ML estimator are slightly
shorter than those based on TM in the absence of outliers. With the full data set, the
procedures based on ML fail to cover the true common mean.

Table 5

Power. The power prjys of the two-sample test based on TM was compared to the power
pr of the Shiue et al. (2000) ratio test and to the power pgr of 7.5GL. In a first step,
an approximation to the null distribution of the test statistic based on 1000 samples of
size ny = ng = 50 — such that Y; ~ Gamma(a = 5,0 = 1), Y5 ~ Gamma(a = 1,0 = 5)
— were obtained; critical values k g9 and kg5 were determined as the quantiles ¢ = .90
and ¢ = .95 of this distribution. In a second step, 1000 values t* based on samples of
size n; = ng = 50 — such that Y7 ~ (1 — ¢)Gamma(a = 5,0 = 1) 4 eUniform]0, 50],
Y5 ~ Gamma(a = 1,0) — were generated for 0 = 5,6,7,8,9, ¢ = 0.00, and € = 0.06, and
the approximation pras(o) = #{t* > kq}/1000 was computed. On the basis of the same

18



simulated samples we also computed pgr (o) and pr(o) (the critical values for the ratio
test were taken from Table 1 of Shiue et al., 2000). Finally, we computed the asymptotic
approximation aprys (o) to pras(o) given in Appendix 1. The results are summarized in
Table 6 and point out that prps is very close to pr in the absence of outliers but much
better under contamination. The quality of the asymptotic approximation is fair. The
power of 7.5GL is poor both with ¢ = 0 and ¢ = 0.06.

Table 6

REMARK 1. Figure 3 shows the bootstrap null distributions of the tests based on TM and
the Weibull model; each panel is a qq-plot comparing the distribution obtained with the
complete and the reduced data sets. We note that the parametric procedures were more
stable than the resampling procedures. This “lack of robustness” of the classical bootstrap
can be explained by the “exceeding” frequency of outliers in many simulated samples, a
feature that affects the tails of the null distributions, which has also been noted by other
authors, e.g., Salibian (2000) who proposes a remedy.
Figure 3

REMARK 2. Figure 4, panel (a), shows the influences of the two samples in the data set A
on the smoothed TM-estimator (f, Section 3); these influences determine the exponentially
tilted null model probabilities displayed in panel (b). Panel (c) shows smooth densities
corresponding to the two null probability distributions and, for comparison, the parametric
null model is represented in panel (d). Due to the redescending shape of the IF and the
negative value of A\, extreme observations in sample 1 are more likely resampled than
many smaller observations. This surprising feature of the tilted null model is a source of
instability in the classical bootstrap distribution.

Figure 4

REMARK 3. Figure 4, panel (c¢) shows smooth densities corresponding to the exponentially
tilted distributions py; and ps; for data set A. Dotted densities have been obtained using the
iterative algorithm derived from Proposition 1 for both samples and solving the constraint
((Ep, (n)) = f1(Fp,(n)). Solid lines have been obtained using the linearized constraint. The

approximation is very satisfactory.
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REMARK 4. The Wilcoxon test has not been included in the examples because it is not
appropriate when the shapes are different. For the real data set, it accepts the hypothesis of
identical populations with P = 0.68 (full data) and P = 0.45 (outliers removed). For data
set A, it wrongly rejects this hypothesis in favor of the alternative that Y; is stochastically
larger that Yo with P = 0.01 (full data) and P = 0.03 (outliers removed). For data set B,
it wrongly accepts the hypothesis both with the full (P = 0.50) and the cleaned (P = 0.81)

data sets.

7 Conclusions

Available robust estimators for the means of popular asymmetric models have been used
to develop bootstrap tests for comparing robust means of asymmetric distributions with
unequal shapes. In addition, four bootstrap schemes were explored, with the help of real

and simulated data. We summarize our main conclusions.

1. In the presence of outliers, the robust tests can reach the correct decision, whereas
the usual tests are likely to result in both kinds of testing errors. Unfortunately,
tests based on simple robust estimators - such as the trimmed mean - can also fail
due to insufficient robustness of the type I error probability (when the trimming
proportion is low) or insufficient power (when the trimming proportion is high). On the
contrary, robust parametric estimators with a high degree of robustness - such as the
truncated mean - recognize different shapes and provide reliable tests under realistic
contamination. In the absence of outliers, the parametric bootstrap tests based on

efficient robust estimators can be almost as powerful as their classical counterparts.

2. Minimization of the Kullback-Leibler disparity between the constrained model and
the available unconstrained estimates provides numerically satisfactory and computa-
tionally convenient constrained estimates that can be used to define parametric null
models and to compute confidence intervals for common means when the hypoth-
esis is accepted. Programming of more conventional but computationally awkward
constrained robust estimates (e.g., constrained M-estimates) does not appear to be

necessary.
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3. Nonparametric simulation from (modified versions of) the empirical distribution pro-
vides less stable null distributions (with respect to the presence of outliers) than sim-
ulation from parametric models. On the other hand, it can be argued that parametric
simulation tends to underestimate real fluctuations, since it ignores contamination.
Both parametric and nonparametric simulation schemes should therefore be used as

complementary, rather than exclusive, tools of inference.

The procedures described in this paper have been illustrated using the truncated mean
for the Gamma and the Weibull models but extensions to more complex models, where
shape is described with the help of several parameters (e.g. the generalized Gamma and
F distributions; Kalbfleisch and Prentice, 1980), will be straightforward as soon as the
corresponding robust estimates are available. S-plus functions for the truncated mean and
for optimally constrained one- and two-sample ML-, TM-, and M-estimators for the Log-
normal, Gamma, and Weibull models can be found at www.hospvd.ch/iumsp (download

buttom).
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Appendix

1. Asymptotic power
In the one-sample case, let 6g be the null model parameter vector such that u(6o) = po. Let n be a
parameter change, 6, = g +n/n, and c¢,,1—~ be the critical value for testing 6y against 6, at the « level.
Denote by Py(A) the probability of A when Y ~ Fy. A standard derivation (e.g., Staudte and Sheather,
1990, p.159) shows that the asymptotic power function is 7(n) = limn, 0o Pp,, (t > cn,1—~) = (24 — e;rn),
where z, denotes the standard normal y-quantile, e; = V'(d, Fp,)~1/2- (0d(Fy)/00)g_y, is the test efficacy,
d = h(i(F)) — h(po), and V(d, F) = h'(a(F))?V (i1, F). Note that e; and m(n) do not depend on h.

In the two-sample case, the null model parameter vector is 6o = (a10,010, @20,020) and the pa-
rameter change is n = (71,7m2,73,74). The power and efficacy formulae still hold with 6, = 6 +

(m /ni,m2/n1,m3/n2,m4/n2), defining d as in Section 2.2, and letting n1 and ng tend to oo.

2. Proof of Proposition 1

We consider the objective functional L(Fp) = D(Fp) — A(ji(Fp) — po) defined over P, where D(F}) =
Zpi In(p;) and A is a Lagrange multiplier. According to a variational argument, if a distribution Fj is
locally optimal over P (for a fixed A and 0 < p; < 1), then IF(y;,L,F3) =0 for j =1,...,n. We obtain

IF(yj, D, F5) = In(p;) — D(Fj) and, therefore, the conditions
In(p;) = A;(Fp) + D(F5), j=1,...,n,

where I;(F) = IF(yj, i, F). Thus, p; = exp(Al;(Fp))exp(D(Fy)) and, since Y p; = 1, exp(D(Fp)) =
[>exp(A;(F3))]~!. The multiplier A must obviously satisfy fi(F3) = po. The two- and multi-sample

cases can be treated in similar ways.

3. Proof of Proposition 2

Let fy(y) denote the density of a member of the exponential family of distributions (e.g., Lindsey, 1996,
pp. 26-28) in the natural parametrization. The log-likelihood function is £(Fp; Ay) = In[fa(y)] = 0T t(y) —
k(0) — to(y), where 6 is a k-dimensional parameter vector, t(y) is the sufficient statistic for 9, x(0) is
the negative logarithm of the normalizing constant, and tp(y) a given function. The score function is
s(0;y) = t(y) — k(0), where £(0) = 0k/I0(0) denotes the gradient of k with respect to 6. The ML-
estimate 0 satisfies ave{t(y)} = £(6), where ave{t(y)} is an abbreviation for ft(y)dme(y). Therefore,
[ ave{t(y)}dF;(y) = £:(0) = ave{t(y)} and £(Fp, F;) = 0T ave{t(y)} — x(0) — [ to(y)dF;(y). It follows that
the functions £(Fy, F;) and {(Fy, Fp ) = 0Tave{t(y)} — x(0) —ave{to}, differing only in the constant term,

have the same extremes under any constraint.
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4. C-estimators of some common models

We consider the Weibull, the Gamma, and the first and second kind Pareto distributions. For each one of
these models we give the log-likelihoods £(Fp, Ay) and £(Fy, ) and indicate how the C-estimator can be

computed. In the Weibull case, a and o are replaced by more convenient parameters.

The Weibull distribution. We consider the distribution G, ¢y of X = In(Y’) with location 7 and scale .
The shape parameter of the Weibull distribution of ¥ is @ = 1/¢ and the scale is 0 = exp(r). With

z = (x —T1)/s, we obtain
UG (r,6), Az) = z — exp(z) — In(),
UG (r,6),G(2,6)) = (=SCe + 7) /s — T/s — exp((F — 7) /)T(¢/s + 1) — In(c),

where Ce denotes the Euler constant (Ce = 0.577215665...). The function ¢(G(, ), G(+,¢)) has to be

numerically maximized under the constraint exp(7)I'(1 4 ¢) = po.

The Gamma distribution. For the Gamma distribution F, ;)(y) with shape a and scale o = exp(7) we

obtain
U(Fla,r) Ay) = (@=1)In(z) =2 = 7 — InT(a),

UF (o, Fla,m) = (@ = DIL(@) + 7] — dexp(? — 1) — a7 — In(I'(a)),
with z = y/o and I'(a) = (d/da)InT(a). The function €(F(a,r)s Fa,+)) must be numerically maximized

subject to exp(T)a = po.

The Pareto distributions. For the Pareto distribution of the first kind, with density f(o o)(y) = ac® /yotl

(0 >0, >0,y > o, see Johnson et al. (1994, p.574)). We have
U(Fla,0)sAy) = aln(o) + In(a) — (a + 1) In(y),
UF(a,0), Fla,5)) = aln(o) + In(a) — (o + 1)[In(6) + 1/4].
The constraint is ao/(a — 1) = po (provided that a > 1). For the Pareto distribution of the second kind,

with density f(q,0)(y) = (a/0)(y/o + )=+ (5 >0, a > 0, y > 0, see Johnson et al. (1994, p.575)),

we obtain

U(F(a,0),Ay) = In(a) —In(o) — (a+ 1) In(z/0 + 1),

U F(a,0) Fla,s)) =In(a/o) — (a+ 1)a -1,

where

1= / YIn(2)fy(z - 1) + 1174 dz,
1

and v = 0/6. The constraint for the C-estimator is /(o — 1) = po (provided that o > 1).
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5. Influence function of the C-estimator

We consider the two-sample C-estimator as an example, the extention to the multi-sample and the re-
striction to the one-sample cases being straightforward. By definition, the IF of 0, = (élc,égc) is given

by

y Oc((1 —F +tA,) — 0.(F
IF(Z;HC,F)Zlilm ( ) +t ) — 0e(F)
tl0

where z = (y1,y2) denotes a value of Z = (Y1,Y2), F the cdf of Z and A, the cdf of a point mass at
z. To find a more explicit expression, it is convenient to parametrize the models with ¥ = (uo, a1, a2),
where po = p((a1,01)) = p((az,02)) is the common mean and to assume that n;/(n1 + n2) tends to a
constant w; when both sample sizes increase. As a functional, the C-estimator Je = (froc, Gic, dac) based
on unconstrained estimators §; = (&1,01), Oy = (&2,02) of 1 and 602 is then defined by

9e(F) = argminuo’al,QQDg(uo,al,ag;él(F),ég(F)),
where
Dy(po, a1, a2;01,02) = w1 - de(Fay g /(o) Far,o1) + w2 - de(Fay o /6 (n)s Fan,da)s
or by the system

D(fioc, G, Gac; 61, 92) =0,

where D = (0Dy/0po, 0Dy /0c1,0Dy /02, )T (a column vector). Differentiating the system, one obtains

-1
IF(z;q%F):—( 0 0 0 D) ( 0 0 0 0
2

a Y5 5 ~ D’f 7—,\D’fD> IF(Z7(91’0A2)’F)7
o oo oo 0d 061 0 069

where

IF(2;(61,02), F) = (IF(y1;6a, F), [F(y1;61, F),IF(y2; 62, F), [ F(y2; 62, )T,

is the vector influence function of the unconstrained estimator. Thus, the asymptotic covariance matrix
of Ve, V¥, F) = f IF(2z;0¢, F)IF(z;9, F)TdF(z), is directly obtained from the available variances and

covariances of (&1,61) and (&2, 62).
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6. Data sets

Real data

Frequency distribution (Freq.) of lengths of stay (LOS) in days of patients hospitalized in Belgium and
Switzerland during 1988 for certain “disorders of the nervous system”. Source: a data base described in

Marazzi et al., 1998.

Belgium
LOS 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 19 21

Freq. 51 59 34 32 32 9 6 12 9 11 11 8 4 3 0 4 6 2 1

LOS 22 26 28 29 32 33 34 35 36 37 40 43 44 49 60 68 81 96 134

fre. 172 1 1 1 1 1 1 1 1 1 1 1 2 1 1 1 1 1

Switzerland
LOS 1 2 3 4 5 6 7 8 9 16 115 198 374

Freqqg 2 6 5 5 4 2 2 1 1 1 1 1 1

Data set A

(y15) = (6.40,4.08,8.12, 2.30, 2.09, 5.32, 3.43, 4.60, 5.43, 3.20, 4.99, 5.69, 4.46, 9.96, 4.67, 4.39, 2.88,
3.49,2.23,3.14, 6.15, 7.82, 4.95, 6.12, 8.04, 3.34, 4.20, 5.67, 8.52, 3.16, 3.72, 2.65, 4.75, 4.47,
4.74,4.71,8.80,4.18,5.79, 2.95,11.76, 3.05, 4.59, 2.46, 6.69, 4.53, 7.20, 39.10, 65.88, 43.78),

(y2:) = (6.14,5.76,7.16,6.52,0.52, 3.92, 5.01, 3.92, 0.68, 12.60, 4.65,0.91, 1.43, 1.52, 1.44, 1.55, 2.25,
0.22,1.08,0.08, 5.08, 8.92, 3.67, 4.65, 1.38, 5.05, 4.28, 3.66, 7.47, 14.65, 1.03, 1.65, 4.75, 15.06,

21.15,4.05,11.15, 2.57, 2.66, 2.62, 4.10, 9.61, 0.30, 6.96, 3.34, 0.63, 2.73, 3.26, 3.35, 6.51).

Data set B
(y1:) = (2.97,7.08,2.92,5.49,4.41,1.45, 3.47, 6.28, 6.69, 7.31, 4.07, 6.04, 4.35, 3.67, 3.43, 5.98, 10.67,
4.44,6.65,10.41,6.41, 5.66, 4.36, 2.93, 6.38, 9.20, 6.97, 8.37, 3.81, 3.55, 5.42, 3.29, 5.18, 4.20,
6.02, 3.39,4.37,5.76, 3.53, 2.97, 5.52, 4.40, 6.21, 3.88, 10.14, 8.35, 1.38, 63.95, 32.74, 36.86),
(y2:) = (7.44,13.79,1.80,0.58, 2.52, 3.76, 2.64, 14.82,6.21, 5.13, 5.01, 1.23, 18.91, 0.90, 18.77, 9.44, 1.95,
3.53,31.36,3.16,0.96, 5.17, 6.30, 3.55, 11.40, 8.84, 1.23, 2.18, 3.64, 7.87, 14.63, 10.80, 4.88, 19.66,

3.67,18.72,18.35,1.76, 1.48,1.41,10.90, 9.23, 29.54, 4.80, 4.13,17.04, 6.52, 5.07, 7.35, 1.78).
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Table 1.

One-sided P-values of various two sample tests.

Real data: Hy : fipg = ficg against ‘Hy : ipp < ficH-

Full real data set

2 outliers removed

Test Gamma  Weibull  Other Gamma  Weibull  Other
pooled ¢ < .001 0.47
Cressie & Whitfort T3 0.04 0.42
Shiue et al. ratio < .005 > .25

7.5GL 0.27 0.95
7.5T /Semipar. 0.66 0.96
™/Q 0.87 0.87 0.90 0.88

™/C 0.88 0.87 0.91 0.88
TM/Semipar. 0.95 0.94 0.95 0.92

TM/Exp. tilting 0.94 0.95 0.94 0.93

Table 2.

One-sided P-values of various two sample tests.

Data set A: Ho : fly, = fly, against Hy : iy, > fiy,.

Full data set A

3 outliers removed

Test Gamma  Weibull  Other Gamma  Weibull  Other
pooled ¢ 0.04 0.31
Cressie & Whitfort T3 0.01 0.32
Shiue et al. ratio < .005 > .25

7.5GL 0.07 0.15
7.5T /Semipar. 0.06 0.09
T™/Q 0.42 0.38 0.39 0.42

T™™/C 0.41 0.38 0.39 0.42
TM/Semipar. 0.37 0.43 0.39 0.50

TM/Exp. tilting 0.39 0.43 0.37 0.50

Table 3.

One-sided P-values of various two sample tests.
Data set B: Hq : fiy, = fly, against Hy : fiy, < fiy,.

Full data set B

3 outliers removed

Test Gamma  Weibull  Other Gamma  Weibull  Other
pooled t 0.44 0.02
Cressie & Whitfort T3 0.46 0.01
Shiue et al. ratio > .25 < .01

7.5GL 0.06 0.05
7.5T /Semipar. 0.10 0.14
T™/Q 0.01 0.01 0.01 0.01

™/C 0.01 0.01 0.02 0.01
TM/Semipar. 0.01 0.01 0.02 0.01

TM/Exp. tilting 0.02 0.02 0.03 0.01
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Table 4. Percentile 90%-confidence intervals for a common average length of stay based
on 1000 simulated samples and asymptotic normal approximation.

Constrained Method Model
estimate Gamma Weibull
CML param. boot. (7.63, 9.23) (7.26, 8.91)
ML/C param. boot. (7.67, 9.23) (7.28, 8.92)
T™/C param. boot. (4.54, 5.45) (4.57, 5.57)
ML/C normal appr. (7.67, 9.13) (7.30, 8.86)
T™™/C normal appr. (4.59, 5.43) (4.62, 5.48)

Table 5. Percentile 90%-confidence intervals for a common mean y = 5 in data set A
based on 1000 simulated samples and asymptotic normal approximations.

Constrained Method Data set
estimate Full 3 outliers removed
ML/C param. boot. (5.42, 7.27) (4.50, 5.39)
T™/C param. boot. (4.46, 5.50) (4.36, 5.44)
ML/C normal appr. (5.66, 7.06) (4.63, 5.24)
T™M/C normal appr. (4.58, 5.36) (4.49, 5.24)
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Table 6. pry (o) is the simulated power function (for the levels 0.05 and 0.10) of the
two-sample tests based on TM for Y; ~ (1 — ¢)Gamma(a = 5,0 = 1) + eUniform[0, 50],
Yy ~ Gamma(a = 1,0), ny = ny = 50, and 0 = 5,6,7,8,9. pr(c) and pgr are the
corresponding power functions of the test of Shiue et al. (1988) and the test of Guo and
Luh (2000). apras(o) is the asymptotic approximation for pras (o).

e=0 e = 0.06
o |level| pr(o) par(o) prm(o) | pr(o) per(o) pru(o) | apra(o)
0.10] 0.10 0.02 0.09 0.01 0.01 0.11 0.10
0.05| 0.05 0.01 0.04 0.01 0.00 0.03 0.05
6 {0.10| 045 0.20 0.39 0.14 0.12 0.35 0.44
0.05] 0.31 0.11 0.29 0.08 0.05 0.23 0.30
7 10.10| 0.78 0.53 0.76 0.37 0.38 0.62 0.83
0.05| 0.66 0.38 0.63 0.26 0.23 0.52 0.73
8 10.10 0.95 0.79 0.92 0.62 0.65 0.88 0.98
0.05] 0.91 0.69 0.85 0.50 0.52 0.82 0.96
9 10.10| 0.99 0.95 0.97 0.84 0.86 0.98 1.00
0.05| 0.98 0.90 0.96 0.75 0.76 0.96 1.00
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Figure 1. Smooths for Data set A.

Panel (a): Empirical cdf F,, ,,, and smooth F,, ,,.

Panel (b): Empirical cdf F,, ,, and smooth F,, ,,.

Panel (c): Influence functions IF (y, i, Fy, ,) (solid) and IF(y, fi, Fy,, 4, ) (dotted).
Panel (d): Influence functions IF (y, fi, Fy,, ,,) (solid) and IF(y, fi, F,,.,,) (dotted).
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(a) Belgium (b) Switzerland
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Figure 2. (a) Histogram of 315 lengths of stay (LOS) in days of patients hospitalized
in Belgium during 1988 for certain “disorders of the nervous system”. (b) Histogram of
32 LOS of patients hospitalized during the same year in Switzerland for the same kind
of illness. Both histograms are truncated at LOS = 50. The densities of the Gamma
distributions have been determined by means of the maximum likelihood (thin lines) and
a robust (TM) estimates (bold lines).
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Parametric, option C Parametric, option Q

Semiparametric Exponential tilting

Figure 3. Bootstrap null distributions of robust tests based on TM (Weibull) and four
null models. Each panel shows the qqg-plot for comparing the null distributions obtained
with the complete (horizontal axis) and the reduced (two outliers removed; vertical axis)
real data sets.
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Figure 4. Results for Data set A (complete) and Gamma model. Panel (a): inter-
polated smoothed influences IF(y14, ft, Fry 4,) (1) and IF (y2i, fiy Fny.y,) (2). Panel (b):
exponentially tilted null probability distributions p1; (1) and po; (2) with equal means
(A = —0.0120). Panel (c): smooth densities (truncated at 30) corresponding to null prob-
ability distributions for samples 1 and 2. Dotted lines are computed with the iterative
algorithm derived from Proposition 2, solid lines using the linearized constraint. Panel
(d): densities (truncated at 30) of the parametric null model estimated with TM/C.
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