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Abstract

Several types of M-estimators for multiparameter models have been
proposed in Hampel et al. (1986). This paper considers 6 options
and specializes them to the Gamma distribution, with the purpose
of estimating its mean. It discusses their implementation, i.e., the
numerical computation of the estimates, the determination of their
tuning parameters, and the evaluation of measures that characterize
their distribution (e.g., bias, variance, breakdown point, etc.). One of
the options is selected for practical use.

1 Introduction

We consider the gamma distribution defined by its density

fσ,α(y) =
1

σΓ(α)

(
y

σ

)α−1

exp
(
−
(
y

σ

))
, y > 0, σ > 0, α > 0, (1)

where Γ is the Gamma function. When σ = 1, we write fα in place of fσ,α.
The cumulative distribution function is denoted by Fσ,α or by Fα.

The pair (σ, α) is the usual parameter vector; α is the shape parameter,
and σ is the scale parameter. However, we often prefer to work with the
pair (τ, α), where τ = ln(σ), or with (ν, α), where ν = ln(ασ). Often it is
convenient to use the abbreviation θ = (σ, α)T, or θ = (τ, α)T, or θ = (ν, α)T,
where θ is a column vector. Our main objective is to estimate the function
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ασ of the parameters, i.e. the mean E(Y ) of a Gamma distributed random
variable Y . Thus, in the (ν, α) parametrization, α may be considered as a
nuisance parameter.

In classical statistics, one assumes that the observations yi are distributed
exactly according to the density fθ, for a certain unknown value of θ, and
estimates this value using the available data. One of the most widely used
procedures is maximum likelihood, with the estimate defined as the value θ̂
which maximizes Πn

i=1fθ(yi), or equivalently as the value θ̂ which minimizes
−∑ ln fθ(yi). Equating to zero the derivatives of this function, one obtains

n∑
i=1

s(yi, θ) = 0, (2)

where s(y, θ) = (s1(y, θ), s2(y, θ))
T denotes the vector of likelihood scores,

s(y, θ) =
∂

∂θ
ln fθ(y) =

(
∂

∂θ1
ln fθ(y),

∂

∂θ2
ln fθ(y)

)T

. (3)

For the Gamma distribution in the (τ, α) parametrization, the score functions
are:

s1(y, θ) =
[
y

σ
− α

]
, and s2(y, θ) = ln

(
y

σ

)
− Γ̇(α), (4)

where Γ̇ denotes the Digamma function, Γ̇(α) = d ln Γ(α)/dα, and σ =
exp(τ). The score functions in the other parametrizations are easily obtained
observing that, if ϑ = g(θ) is a 1-1 parameter transformation (e.g. ϑ =
(σ, α) = (exp(τ), α) or ϑ = (ν, α) = (ln(α) + τ, α)) with Jacobian matrix
J(θ) = ∂g/∂θ, the new score functions are J(θ)−

T
s(y, θ). Note that, in the

(τ, α) and the (ν, α) parametrization, the score functions depend on σ via z =
y/σ, and, therefore, the estimation problem is scale invariant. Unfortunately,
the problem is not shape invariant.

In robustness theory one realizes that the model fθ is a mathematical
abstraction which is only an idealized approximation of reality. It is therefore
necessary to use procedures that behave fairly well under deviations from
the assumed model. Such procedures are called robust. One of the best
known classes of robust estimators are the M-estimators. In the next sections,
we consider some of the M-estimators described in Hampel et al. (1986,
Chapter 4) and specialize them to the parameters of the Gamma distribution.
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These estimators are defined as solutions θ̂ of

n∑
i=1

ψ(yi, θ) = 0, (5)

where ψ denotes a given vector function of (y, θ) with values in IR2. Equation
(5) is a generalization of the maximum likelihood equation (2). The function
ψ is a composition of the score functions s and Huber’s function ha with
tuning parameter a, defined as

ha(z) = max(−a,min(z, a)), when z ∈ IR1,

ha(z) = zmin(1, a/||z||), when z ∈ IR2,

where ||z|| denotes the Euclidean norm of z. Many theoretical results con-
cerning the asymptotic and the robustness properties of M-estimators are
available in the literature.

We discuss the numerical computation of M-estimators θ̂ defined by (5)
for various choices of the function ψ and a few parametrizations of inter-
est. Then, we evaluate and compare numerically some of the measures that
characterize the distribution of the corresponding estimates of E(Y ). This
includes bias and breakdown point, and estimates of the maximum asymp-
totic bias and variance over ε-contamination neighborhoods of the model.
We aim to select an estimation procedure for E(Y ) with known robustness
and asymptotic properties to be used in practice; thus, ease of computation
is a major criterion of choice. The selected procedures have been included
into the library ROBETH (Marazzi, 1993) and interfaced to S. Programs are
available from the authors.

Remark 1.1. Many of the techniques described in this paper can be applied
(with obvious changes) to the estimation of the parameters of the Weibull
distribution with density

fσ,α(y) =
α

σ

(
y

σ

)α−1

exp(−(y/σ)α), y > 0, σ > 0, α > 0. (6)

Note however that, if Y is distributed according to fσ,α, the density of T =
lnY is

fτ,v(t) =
1

v
exp

[(
t− τ
v

)
− e(t−τ)/v

]
, −∞ < t <∞, (7)
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where τ = ln σ and v = 1/α. In this parametrization, τ is a location, v is a
scale parameter, and the corresponding estimation problem is location and
scale invariant. This is an important simplification compared to the Gamma
distribution.

2 Estimators

Let s(θ, y) denote the vector of score functions (4) for θ = (τ, α). For a fixed
value of the parameter b (see below), define θ̂ = (τ̂ , α̂)T as a solution of

n∑
i=1

ψb [Ab(θ)(s(yi, θ) − cb(θ))] = 0. (8)

We consider two options for the function ψb(z), z = (z1, z2):

(i) The shrinking norm estimator with

ψb(z) = hb(z), b ∈ IR1,

(ii) The shrinking component estimator with

ψb(z) = (hb1(z1), hb2(z2))
T, b = (b1, b2) ∈ IR2.

The parameter b, called tuning parameter, is fixed by the user (see Section 6).
Ab(θ) is a 2 × 2 nonsingular lower triangular matrix; its inverse may be con-
sidered as the transposed Jacobian of a parameter transformation ϑ = g(θ).
We consider the following options:

(a) The (τ, α) parametrization with

Ab(θ) = I;

(b) The (ν, α) parametrization with

Ab(θ) =
(

1 0
−1/α 1

)
;

(c) The standard parametrization implicitly defined by

∫
ψb [Ab(θ)(s(y, θ)− cb(θ))]ψb [Ab(θ)(s(y, θ)− cb(θ))]T fθ(y)dy = I. (9)
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Finally, the function cb(θ) is defined by:

∫
ψb [Ab(θ)(s(y, θ)− cb(θ))] fθ(y)dy = 0. (10)

Remark 2.1. The special case Ab(θ) = I of the shrinking component esti-
mator is a simple generalization of the maximum likelihood equations, where
the likelihood scores are truncated and “re-centered” by cb. The “correc-
tion” cb makes the M-estimate asymptotically unbiased if the observations
are distributed according to the model (Fisher consistency). Note that all
estimators reduce to the maximum likelihood estimator for b = b1 = b2 = ∞.

Remark 2.2. Option (c) defines the standardized estimators of Hampel et
al. (1986, Chapter 4), where further classes of M-estimators are proposed. In
that book, the shrinking norm estimator is called the optimal Bs-robust esti-
mator, and the shrinking component estimator is called the optimal Bp

s -robust
estimator for partitioned parameters. Note however that, despite the name,
no optimality result is known for the second proposed estimator, whereas a
weak optimality property is known for the optimal Bs-robust case (Hampel
et al., 1986, p.244). Both estimators truncate the re-centered score functions
of the standard parameter vector ϑ = g(θ). Due to the form of the asymp-
totic covariance matrix of g(θ̂) (Sections 3 and 5), the affine transformation
Ab defined by equation (9) makes the standard parameters approximately or-
thogonal. An application of the shrinking norm estimator of the parameters
of the Gamma distribution is described in Victoria-Feser (1993).

Remark 2.3. Previous experience (Willimann, 1980) suggests that the un-
standardized estimators of Hampel et al. (1986) are computationally less
reliable than the standardized ones. We do not consider them in this paper.

Remark 2.4. Thanks to the scale invariance, the transformation Ab(θ) and
the correction cb(θ) defined by (9) and (10) do not depend on τ . Therefore,
we will write Ab(α) and cb(α) in place of Ab(θ), cb(θ). In the case of the
Weibull distribution (7), the dependence of on both the parameters τ and v
is trivial.
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3 Evaluation criteria

Let Y denote the sample space, Θ = {θ} the parameter space (of dimension
p), and let y1, y2, . . . , yn denote n observations of the random variable Y .
We consider the unknown distribution F of Y , the model distributions Fθ

(θ ∈ Θ), the empirical distribution Fn, and the distribution ∆y which puts
probability 1 at the point y. The densities of F and Fθ are denoted by f
and fθ. As Fθ is only an idealized approximation of F it is useful to assume
that F belongs to a neighborhood P of one of the Fθ, say, Fθ∗ . We use the
ε-contamination model:

F ∈ Pε = {G | G = (1 − ε)Fθ∗ + εH, H arbitrary}, (11)

where ε is a given percentage of gross errors, e.g., ε = 5%.
In order to evaluate and compare estimates of E(Y ), for the Gamma

model, we compute asymptotic bias and variances, estimates of the maximum
asymptotic bias over Pε, estimates of the maximum asymptotic variances
over Pε, and asymptotic relative efficiencies with respect to the maximum
likelihood estimate. We seek for estimates with small bias and variance over
some set of challenge distributions. In particular, we seek for estimates with
a small maximum asymptotic bias, a small maximum asymptotic variance
and a large asymptotic efficiency with respect to the maximum likelihood
estimate at the model Fθ. This section summarizes the definitions of these
quantities (see Hampel et al., 1986, for more details). The computational
aspects are discussed in Section 5.

Let θ̂(Fn) be a p-dimensional M-estimate, where θ̂(F ) is a solution of

∫
ψ(y, θ̂(F ))dF (y) = 0, (12)

and ψ is a user defined vector valued function ψ : Y×Θ → IRp. In particular,
we consider the cases introduced in Section 2. We use the abbreviation θ̂
in place of θ̂(Fn). Under certain regularity conditions, θ̂ is asymptotically
normally distributed, with asymptotic covariance matrix

V (θ̂, F ) = M(ψ, F )−1Q(ψ, F )M(ψ, F )−
T

, (13)

where
Q(ψ, F ) =

∫
ψ(y, θ̂(F ))ψ(y, θ̂(F ))TdF (y), (14)
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M(ψ, F ) = −
∫ [

∂

∂θ
ψ(y, θ)

]
θ=θ̂(F )

dF (y). (15)

In applications, V (θ̂, Fn)/n or V (θ̂, Fθ̂)/n are often used as approximations

for the covariance matrix of θ̂. If θ̂ is Fisher consistent at Fθ, i.e., if it satisfies∫
ψ(x, θ)dFθ(x) = 0 for all θ (see equation (10)), one obtains:

M(ψ, Fθ) =
∫
ψ(y, θ)s(y, θ)dFθ(y), (16)

where s(y, θ) is the vector of likelihood scores. This simplifies the computa-
tion of V (θ̂, Fθ).

Let ξ be a one-dimensional parameter defined as a function ξ = h(θ),
e.g., ξ = α exp(τ). Let ξ̂ be an estimator of ξ, and V (ξ̂, F ) its asymptotic
variance. We assume that ξ̂ satisfies ξ̂(Fθ) = ξ for all θ, and let ξ∗ = h(θ∗).
The asymptotic bias of ξ̂ under a point contamination ε∆y of Fθ∗ is

B(ξ̂, ξ∗, ε, y) = |ξ̂((1 − ε)Fθ∗ + ε∆y) − ξ∗|. (17)

The maximum asymptotic bias of ξ̂ over Pε is

B(ξ̂, ξ∗, ε) = sup
G∈Pε

|ξ̂(G) − ξ∗|. (18)

The maximum asymptotic variance of ξ̂ over Pε is

V(ξ̂, ξ∗, ε) = sup
G∈Pε

V (ξ̂, G). (19)

Let θ̌ denote the maximum likelihood estimate of θ and let ξ̌ = h(θ̌). The
asymptotic relative efficiency of ξ̂ with respect to ξ̌ at the distribution F is

ARE(ξ̂, ξ̌, F ) = V (ξ̌, F )/V (ξ̂, F ). (20)

4 Computation of the estimates

General suggestions for simultaneously solving (8)–(10) by means of iterative
algorithms can be found in Hampel et al. (1986, Section 4.6b). Given initial
values for (τ, α), one computes cb from (10), Ab from (9) and improved values
for (τ, α) from (8). This scheme is usually memory-efficient but typically
quite slow, especially when used within a resampling scheme. Therefore, we
use the following two step procedure:
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(a) For fixed b, solve (9) and (10) with respect to Ab and cb for a discrete set
of α-values and store the solutions. More precisely, choose an interval
[α1, α2] and an integer k (e.g., k = 100), and tabulate the solutions
Ab(α) and cb(α) of (9) and (10) for α = α1 + (i− 1)(α2 − α1)/(k − 1),
i = 1, . . . , k.

(b) Solve (8) with respect to θ, using a linear interpolation of the tables ob-
tained in step (a) in order to compute Ab(α) and cb(α) for the required
values of α.

In practice, it is necessary to fix α1 and α2 so that [α1, α2] contains the solu-
tion α̂ of (8). However, the preliminary computation of step (a) substantially
accelerates step (b). In the following, we discuss both steps in more detail.

4.1 Computation of the vector cb

The computation of cb for given b, α and Ab(α), can be performed by means
of the usual algorithms for M-estimates of location.

4.2 Computation of the matrix Ab

For the shrinking norm case, the problem of computing the matrix Ab, for
given b, α, and a given value c of cb(α), can be formulated as the problem of
solving for A the equation

ave{u(|z|)zzT} = I, (21)

where z = (z1, z2)
T = Ax, x = s(θ, y) − c, A = Ab(α), θ = (τ = 0, α),

ave{.} =
∫ {.}fα(y)dy and u(|z|) = min(1, b/|z|)2. A fixed point algorithm

for solving (21) is described by Huber (1981, Chapter 8), who also gives a
convergence proof.

For the shrinking component case, one has to solve for A:

ave
{(
u1(|z1|) 0

0 u2(|z2|)
)
zzT

(
u1(|z1|) 0

0 u2(|z2|)
)}

= I, (22)

where u1(|z1|) = min(1, b1/|z1|), and u2(|z2|) = min(1, b2/|z2|). A simple
iterative algorithm is obtained as follows. Let A(0) be an initial and A(1) an
improved value of A. Replace the arguments of u1 and u2 by |z(0)

1 | and |z(0)
2 |,
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where z(0) = A(0)x, and the middle product zzT by A(1)x[A(1)x]T. Then solve
for A(1). One obtains:

a
(1)
11 = ave{u1(|z(0)

1 |)2x2
1}−2,

a
(1)
22 = ave{u2(|z(0)

2 |)2(κx1 + x2)
2}−2, (23)

a
(1)
21 = κa

(1)
22 ,

where κ = −ave{u1(|z(0)
1 |)u2(|z(0)

2 |)x1x2}/ave{u1(|z(0)
1 |)u2(|z(0)

2 |)x2
1}. A con-

vergence proof of this algorithm is still lacking, but the procedure works well
in practice.

Figure 1 shows the elements of the matrix Ab for varying α. They have
been obtained by simultaneously solving (9) and (10) for the shrinking norm
and the shrinking component cases. The precision of the two algorithms is
similar (but the vertical scales on the diagrams of a21 are different).

4.3 Computation of the parameter estimates

For θ = (τ, α), σ = exp(τ), and j = 1, 2 define

Spj(σ, α) =
1

n

∑
ψbj

[s̃j(yi, θ)], (24)

Snj(σ, α) =
1

n

∑
s̃j(yi, θ)min[1, b/|s̃(yi, θ)|], (25)

where

s̃1(y, θ) = a11(α)[y/σ − α− c1(α)],
s̃2(y, θ) = a21(α)[y/σ − α− c1(α)] + a22(α)[ln(y/σ)− Γ̇(α) − c2(α)].

The components of s̃(θ, y) are the recentered score functions of the standard
parameters. The shrinking component estimate is the solution of Spj(σ, α) =
0, j = 1, 2, and the shrinking norm estimate is the solution of Snj(σ, α) = 0,
j = 1, 2.

The diagrams in Figure 2 show the functions Spj and Snj for varying σ
(some fixed values of α and artificial data sets have been used). For the
shrinking component case, the function Sp1 is monotone in σ and changes
sign. This guarantees the existence of a zero. Thus, the following simple idea
works:
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(a) Use a regula–falsi method to invert Sp1 with respect to σ over the
interval [α1, α2], for which tables of cb(α) and Ab(α) are available. In
other words, for any desired α ∈ [α1, α2] obtain an highly accurate
solution σ̄(α) of Sp1(σ, α) = 0.

(b) For α = α1+(i−1)(α2−α1)/(k−1), i = 1, . . . , k, compute Sp2(σ̄(α), α).
Any time this function changes sign, use a bisection method to solve
Sp2(σ̄(α), α) = 0.

This procedure usually finds the solutions of the system Spj(σ, α) = 0. It
can be complemented with a plot of Sp2(σ̄(α), α), in order to circumscribe
the solutions of the second equation, if necessary. On the contrary, the
behaviour of Snj is quite complex for j = 1 and 2. It suggests that both
these equations may have multiple solutions, and solving their system is
not as straightforward as in the previous case. In our implementation, we
replace the regula-falsi method with a (blind) bisection method in order to
(hopefully) find the smallest zero of Sn1.

4.4 A note on parameter transformations

The matrix Ab and the correction cb depend on the parametrization; in Sec-
tion 2, they have been defined for θ = (τ, α). We want to determine them,
when equations (8), (9) and (10) are solved in a different parametrization.
We use the following elementary lemma (chain rule).

Lemma. Let ϑ = g(θ) and θ = h(υ) (i.e., υ = h−1(θ)) define two one-to-one
parameter transformations. Let J(θ) = ∂g(θ)/∂θ be the Jacobian of g, and
C(υ) = ∂h(υ)/∂υ be the Jacobian of h. Then, the Jacobian of ϑ = g(h(υ))
is J(h(υ))C(υ).

Suppose now, for example, that ϑ = g(θ) is the standard parameter
vector defined by (9) and that υ = (ν, α) is the new parametrization. Then
Ab(θ) = J(θ)−

T
, and θ = (τ, α) = (ν − ln(α), α) = h(υ). Thus,

C(υ) =
(

1 −1/α
0 1

)
,

and Ab must be replaced with

J(h(υ))−
T

C(υ)−
T

= Ab(θ)
(

1 0
1/α 1

)
.
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It is easy to see that cb must be replaced with C(υ)−
T
cb(θ). As a corollary,

the estimates of the standard parameters ϑ obtained from (8)–(10), using the
(τ, α) or the (ν, α) parametrization, coincide.

5 Computation of asymptotic quantities

Let θ̂(Fn) be an estimate of θ, as defined in Sections 2 and 3. Moreover, let
ξ = h(θ) be a one-dimensional function of θ, e.g., ξ = α exp(τ) = E(Y ). We
estimate ξ with h(θ̂). In order to evaluate the quantities B and V, defined
in (18) and (19), we use the influence function and the change of variance
function of θ̂ and h(θ̂) (Hampel et al., 1986).

5.1 Influence and change of variance functions of a

multidimensional M-estimate

The influence function of θ̂ at the distribution F is defined as the p-vector

IF(y; θ̂, F ) =

[
∂

∂t
θ̂((1− t)F + t∆y)

]
t=0

= lim
t→0

θ̂((1 − t)F + t∆y) − θ̂(F )

t
(26)

in those y ∈ Y where this limit exists. One obtains

IF(y; θ̂, F ) = M(ψ, F )−1ψ(y, θ̂(F )). (27)

The change of variance function of θ̂ at the distribution F is defined as
the p× p-matrix

CVF(y; θ̂, F ) =

[
∂

∂t
V (θ̂, (1 − t)F + t∆y)

]
t=0

, (28)

for all y where this expression exists, where V (θ̂, F ) denotes the asymptotic
covariance matrix of θ̂ given by (13). The elements (h, k) of M and Q are

mhk(ψ, F ) = −
∫ [

∂ψh(y, θ)

∂θk

]
θ=θ̂(F )

dF (y), (29)

qhk(ψ, F ) =
∫
ψh(y, θ̂(F ))ψk(y, θ̂(F ))dF (y). (30)
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Thus,[
∂

∂t
mhk(ψ, (1 − t)F + t∆y))

]
t=0

= −mhk(ψ, F )−
[
∂ψh(y, θ)

∂θk

]
θ=θ̂(F )

−IF(y; θ̂, F )T
∫ [

∇
(
∂ψh(y, θ)

∂θk

)]
θ=θ̂(F )

dF (y), (31)

where ∇(∂ψh/∂θk) denotes the gradient of ∂ψh/∂θk, and[
∂

∂t
qhk(ψ, (1− t)F + t∆y))

]
t=0

= −qhk(ψ, F ) + ψh(y, θ̂(F ))ψk(y, θ̂(F ))

+IF(y; θ̂, F )T
∫

[ψh(y, θ)∇ψk(y, θ) + ψk(y, θ)∇ψh(y, θ)]θ=θ̂(F ) dF (y), (32)

where ∇ψh and ∇ψk denote the gradients of ψh and ψk. Using these expres-
sions we evaluate

∂

∂t
V =

∂

∂t

(
M−1QM−T

)
=(

∂

∂t
M−1

)
QM−T

+M−1

(
∂

∂t
Q

)
M−T

+M−1Q

(
∂

∂t
M−T

)
, (33)

where

∂

∂t
M−1 = −M−1

(
∂

∂t
M

)
M−1, and

∂

∂t
M−T

=

(
∂

∂t
M−1

)
.T (34)

5.2 Influence and change of variance functions of
functions of estimates

Let ϑ = g(θ) be a differentiable one-to-one parameter transformation with
nonsingular Jacobian J(θ) = ∂g(θ)/∂θ, and let ϑ̂ = g(θ̂) be an estimate of
ϑ. In this section, θ̂ = θ̂(F ). One obtains:

IF(y; ϑ̂, F ) = J(θ̂)TIF(y; θ̂, F ), (35)

V (ϑ̂, F ) = J(θ̂)TV (θ̂, F )J(θ̂), (36)

CVF(y; ϑ̂, F ) = IF(y; J(θ̂), F )T · V (θ̂, F ) · J(θ̂)
+J(θ̂)T · CVF(y; θ̂, F ) · J(θ̂)
+J(θ̂)T · V (θ̂, F ) · IF(y; J(θ̂), F ). (37)
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We obtain similar expressions for ξ̂ = h(θ̂), where h is a one-dimensional
function of θ. It suffices to replace ϑ̂ by ξ̂, and J(θ) with ∇h(θ) (the gradient
of h(θ)) in (34)–(36).

5.3 Influence and change of variance function of the
mean estimate

Assume now that θ̂ = (τ̂ , α̂), IF(y; θ̂, F ), V (θ̂, F ) and CVF(y; θ̂, F ) are avail-
able. Let ϑ = g(θ) = (exp(τ), α)T, and ξ = h(θ) = σα, with σ = exp(τ).
Let ϑ̂ = (σ̂, α̂)T = (exp(τ̂), α̂)T, and ξ̂ = σ̂α̂. In this section, α̂ = α̂(F ),
σ̂ = σ̂(F ), and τ̂ = τ̂(F ). Then,

J(θ) =
(

exp(τ) 0
0 1

)
.

Thus, IF(y; α̂, F ) remains unchanged, and

IF(y; σ̂, F ) = exp(τ̂) · IF(y; τ̂ , F ),

V (ϑ̂, F ) =
(

exp(2τ̂ )vττ exp(τ̂ )vτα

exp(τ̂)vατ vαα

)
,

where v.. denote the elements of V (θ̂, F ). The function CVF(y; ϑ̂, F ) follows
from (36), with

IF(y; J(θ̂), F ) =
(

IF(y; σ̂, F ) 0
0 0

)
.

Finally,

IF(y; ξ̂, F ) = α̂IF(y; σ̂, F ) + σ̂IF(y; α̂, F ),

V (ξ̂, F ) = (α̂, σ̂) · V (ϑ̂, F ) · (α̂, σ̂)T,
CVF(y; ξ̂, F ) = (IF(y; α̂, F ), IF(y; σ̂, F )) · V (ϑ̂, F ) · (α̂, σ̂)T

+(α̂, σ̂) · CVF(y; ϑ̂, F ) · (α̂, σ̂)T
+(α̂, σ̂) · V (ϑ̂, F ) · (IF(y; α̂, F ), IF(y; σ̂, F ))T.

Figure 3 shows the influence function of the standardized shrinking norm and
shrinking component estimates of E(Y ).
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5.4 Maximum bias and variance

The maximum asymptotic bias B(ξ̂, ξ∗, ε) is approximated by

B̂(ξ̂, ξ∗, ε) = ε · sup
y

IF(y; ξ̂, Fθ∗), (38)

where γ∗(ξ̂, F ) = supy IF(y; ξ̂, F ) is the gross-error sensitivity of ξ̂ at the dis-

tribution F . The maximum asymptotic variance V(ξ̂, ξ∗, ε) is approximated
by

V̂(ξ̂, ξ∗, ε) = V (ξ̂, Fθ∗) exp

(
ε · sup

y

[
CVF(y; ξ̂, Fθ∗)/V (ξ̂, Fθ∗)

])
, (39)

where κ∗(ξ̂, F ) = supy

[
CVF(y; ξ̂, F )/V (ξ̂, F )

]
is the change-of-variance sen-

sitivity of ξ̂ at the distribution F (Hampel et al., 1986).

5.5 Notes on the numerical evaluation of integrals

Several integrals must be evaluated in order to compute the matrices Q and
M (according to (14) and (16)), their derivatives (according to (31) and
(32)), as well as the averages (23), and those needed for the determination of
cb(α). We use subroutines for numerical integration taken form the library
QUADPACK (Piessens et al., 1980) and pay attention to the following points,
in order to maximize accuracy.

1. As the integrands depend on ψ-functions with discontinuous deriva-
tives, it is convenient to partition the integration range [0,∞) into subinter-
vals limited by the discontinuity points. The upper limit of the numerical
integration is set such that fα(y) is smaller than a specified tolerance.

2. Several integrals can be simplified, by noting that the second deriva-
tive of ψ is a combination of Dirac δ-functions. For example, one of the
expressions found in (31) becomes:

∫
∂2

∂τ 2
ψb1(s̃1(y, θ)fα(y)dy =

a11(α)e
−τy2fα(y)|y1

y2
+ a11(α)e

−τ
∫ y2

y1

yfα(y)dy, (40)
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where y1 and y2 are the solutions of s̃1(y, θ) = ±b1, There are similar oppor-
tunities for

∫ ∂2

∂τ2ψb2(s̃2)),
∫ ∂2

∂α∂τ
ψb1(s̃1)),

∫ ∂2

∂α∂τ
ψb2(s̃2)). (s̃1, s̃2 are defined

in Section 4.3).
3. In several cases, integration by parts avoids computation of the second

derivative of Ab(α). For example, another integral in (31) is:∫ ∂2

∂α2ψb1(s̃1(y, θ))fα(y)dy =∫
[ − 2 ∂

∂α
ψb1(s̃1(y, θ))s2(y, θ) + ψb1(s̃1(y, θ))Γ̈(α)

+ψb1(s̃1(y, θ))s2(y, θ)
2]fα(y)dy, (41)

where Γ̈ is the second derivative of Γ. The first derivative of Ab(α) can
be approximated with the slope of the linear interpolation described at the
beginning of this section.

4. A few series developments and continued fractions are useful to eval-
uate:

K1(t, α) =
∫ t

0
fα(y)dy, (42)

K2(t, α) =
∫ t

0
ln(y)fα(y)dy, (43)

K3(t, α) =
∫ t

0
ykfα(y)dy. (44)

(45)

We use (Abramowitz and Stegun, 1965; Bhattacharjee, 1970):

K1(t, α) =
∞∑
0

tfα+n(t)/(α+ n) (46)

=
e−ttα

Γ(α)

[
1 +

∞∑
n=1

tn

(α + 1)(α + 2) . . . (α + n)

]
(47)

= 1− e−ttα

Γ(α + 1)

[
1

x+

1 − α
1+

1

x+

2 − α
1+

2

x+
. . .
]
, (48)

K2(t, α) = ln(t)K1(t, α) −
∫ t

0

1

y
K1(y, α)dy (49)

= ln(t)K1(t, α) −

 ∞∑

j=1

fα+j(t)
j−1∑
i=0

1

α + i


 , (50)

K3(t, α) =
Γ(k + α)

Γ(α)
K1(t, k + α). (51)
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The developments are terminated when the contribution to the development
is not greater than the value of a specified accuracy.

6 Tuning parameters

The most common rule for determining the tuning parameter of an M-
estimator is to require that the asymptotic relative efficiency with respect
to the maximum likelihood estimator, at the model, equals a given value,
e.g., 95%. It is simple to apply this rule to the shrinking norm estimators
of E(Y ) because b is a single real number. A few values of b and the corre-
sponding relative efficiencies for the standardized shrinking norm estimator
of E(Y ) are given in Table 1.

For the shrinking component estimators there are several pairs of values
of (b1, b2) whith the same relative asymptotic efficiency, and the rule does
not determine b = (b1, b2) uniquely. As a remedy, we minimize the approx-
imation V̂(ξ̂, σ∗α∗, ε) of the maximum asymptotic variance, as a function of
(b1, b2), where α∗ and σ∗ are rough preliminary estimates of α and σ. The
sensitivity of the estimate to contamination depends then on ε and on the
optimal value b(ε) of b: the higher the value of ε, the less is the estimate
sensitive to contamination. The choice of ε and b(ε) is made on the ground
of collateral information about the frequency of outliers, or by requiring that
the asymptotic relative efficiency of the estimate defined by ψb(ε) equals a
given value, e.g., 95%. Table 2 gives a few optimal values (b1(ε), b2(ε)) for
varying ε, using the standard parametrization with α∗ = 1, 5, 10 (σ∗ = 1). It
also gives the corresponding values of V (ξ̂, Fα), ARE(ξ̂, ξ̌), and V̂(ξ̂, α∗, ε).

7 Empirical results

Table 3 and 4 summarize a few Monte Carlo experiments for comparing
the shrinking component and the shrinking norm estimates in the standard
parametrization. Samples of size 200 were generated from

F = (1 − ε)Fα + εH, (52)

using various values of ε and α. The tuning parameters were chosen such that
both estimates have the same asymptotic relative efficiency (i.e. the same
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asymptotic variance) at the model. In Table 3, H = Fσ=2,α. In Table 4,
H = ∆y0 , where

y0 ≈ argmaxyB(ξ̂, α, ε, y). (53)

Note that y0 is different for the shrinking component and the shrinking norm
cases, and that, due to the form of the influence function, it is difficult to
determine y0 with good accuracy in the shrinking norm case. ξ̂(F ) was
computed using (1 − ε)500 percentile points of Fα and 500ε data points
concentrated on y. ξ̄ is the arithmetic mean of the values of ξ̂ = exp(τ̂)α̂
over 200 experiments; se(ξ̄) is the usual estimate of the standar error of the
mean, and sd(ξ̄) = (V (ξ̂, Fα)/200)

1/2 is the standard error obtained from
the asymptotic variance. (Therefore, it is the same for the shrinking norm
and the shrinking component cases, and does not depend on ε.) sd and se
also estimate the standard error of ξ̂. The values of sd(ξ̄) appears to be
systematically smaller than those of se(ξ̄).

According to the results in Table 3, the shrinking component estimate
performs as well as the shrinking norm estimate under a moderate contam-
ination. However, the results of Table 4, suggest that the shrinking com-
ponent estimate has a smaller bias than the shrinking norm estimate, while
maintaining a higher precision, under a very unfavorable contamination.

Table 5 gives values of B(ξ̂, α, ε, y0), values of the estimate B̂(ξ̂, α, ε) of
the maximum asymptotic bias, and values of the estimate (V̂(ξ̂, α, ε)/200)1/2

of the maximum asymptotic standard error of ξ̂. These standard errors can
be compared with those based on the asymptotic variance at the model, i.e.,
with column sd(ξ̄) in Table 3. (V̂(ξ̂, α, ε)/200)1/2 slightly overestimates the
standard error se(ξ̄) given in Table 4, but is closer to se(ξ̄) than sd(ξ̄).

Figure 4 shows empirical bias curves (ε, B(ξ̂, α, ε, y0)) of the shrinking
component estimates with options (a), (b), and (c) for the matrix Ab, for
α = 5. We obtain similar curves for other values of α. The standard
parametrization clearly produces the best bias curves. They suggest that
the breakdown point of the corresponding estimate is surprisingly high.

In conclusion, the empirical results of this section and the remarks on
the computational aspects point out the standardized shrinking component
estimator as the best procedure among those considered. Figure 5, shows
the histogram of 2385 lengths of stay of patients that where hospitalized
in Switzerland during 1988 for “vaginal delivery”; the two densities of the
Gamma distribution drawn on the same figure have been determined by
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means of the maximum likelihood and the recommended procedure. The
maximum likelihood estimate was α̂ = 5.31, σ̂ = 1.46 (mean = 7.81), and
the shrinking component estimate was α̂ = 19.9, σ̂ = 0.38 (mean = 7.59).
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Table 1. ARE(ξ̂, ξ̌, Fα∗) denotes the asymptotic relative efficiency of the
standardized shrinking norm estimate ξ̂ of E(Y ) with respect to the maxi-
mum likelihood estimate ξ̌ at Fα∗ . b is the tuning parameter.

α∗ b ARE(ξ̂, ξ̌, Fα∗)

1 4.4 0.974
3.7 0.952
3.2 0.923
3.0 0.906
2.7 0.872
2.6 0.857

5 3.8 0.975
3.2 0.952
2.8 0.923
2.6 0.901
2.4 0.873
2.3 0.855

10 3.7 0.975
3.1 0.950
2.8 0.927
2.6 0.906
2.4 0.878
2.2 0.841
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Table 2. Values of b1 and b2 that minimize the approximation V̂(ξ̂, α∗, ε)
of the maximum asymptotic variance of the standardized shrinking compo-
nent estimate ξ̂ of E(Y ) over an ε contamination neighborhood Pε of Fα∗ .
V (ξ̂, Fα∗) denotes the asymptotic variance of ξ̂ at Fα∗ , ARE(ξ̂, ξ̌, Fα∗) the
asymptotic relative efficiency with respect to the maximum likelihood esti-
mate ξ̌ at Fα∗ .

α∗ ε b1 b2 V (ξ̂, α∗) ARE(ξ̂, ξ̌, Fα∗) V̂(ξ̂, α∗, ε)

1 0.01 2.7 2.5 1.058 0.945 1.23
0.02 2.3 2.1 1.093 0.915 1.41
0.05 1.7 1.7 1.192 0.839 1.95
0.07 1.3 1.5 1.313 0.762 2.32
0.10 1.3 1.3 1.363 0.734 2.96
0.15 1.3 1.3 1.363 0.734 4.35
0.20 1.1 1.1 1.611 0.621 6.16

5 0.01 2.1 2.7 5.155 0.970 5.62
0.02 1.7 2.3 5.303 9.943 6.10
0.05 1.5 1.7 5.523 0.905 7.38
0.07 1.5 1.7 5.523 0.905 8.29
0.10 1.3 1.3 5.978 0.836 9.66
0.15 1.3 1.3 5.978 0.836 12.28
0.20 1.3 1.3 5.978 0.836 15.61

10 0.01 2.1 2.7 10.207 0.980 11.03
0.02 1.7 2.3 10.486 0.954 11.81
0.05 1.5 1.7 10.889 0.918 13.94
0.07 1.5 1.7 10.889 0.918 15.39
0.10 1.3 1.3 11.734 0.852 17.63
0.15 1.3 1.3 11.734 0.852 21.62
0.20 1.3 1.3 11.734 0.852 26.50
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Table 3. For each value of α, 200 estimates ξ̂ = exp(τ̂)α̂ are computed
using samples of size 200 from (1 − ε)Fα + εFσ=2,α. ξ̄ is the mean estimate
over the 200 samples, se(ξ̄) the standard error of the mean, and sd(ξ̄) =

(V (ξ̂, Fα)/200)
1/2

.

Shrinking component Shrinking norm

ε α sd(ξ̄) b1, b2 ξ̄ se(ξ̄) b ξ̄ se(ξ̄)

0.00 1 0.077 1.7, 1.7 1.002 0.078 2.4 0.998 0.077
5 0.166 1.5, 1.7 4.997 0.171 2.6 5.004 0.177

10 0.234 1.5, 1.7 9.890 0.242 2.6 9.984 0.241

0.05 1 0.077 1.7, 1.7 1.039 0.078 2.4 1.038 0.077
5 0.166 1.5, 1.7 5.149 0.183 2.6 5.139 0.186

10 0.234 1.5, 1.7 10.289 0.252 2.6 10.256 0.256

0.10 1 0.082 1.3, 1.3 1.069 0.098 2.0 1.067 0.095
5 0.172 1.3, 1.3 5.341 0.204 2.2 5.327 0.210

10 0.242 1.3, 1.3 10.506 0.284 2.2 10.451 0.285

Table 4. For each value of α, 200 estimates ξ̂ = exp(τ̂ )α̂ are computed using
samples of size 200 from (1 − ε)Fα + ε∆y0 , where y0 is very unfavorable for
bias. ξ̄ is the mean estimate over the 200 samples, and se(ξ̄) the standard
error of the mean.

Shrinking component Shrinking norm

ε α ARE b1, b2 ξ̄ se(ξ̄) b ξ̄ se(ξ̄)

0.05 1 0.84 1.7, 1.7 1.143 0.091 2.4 1.146 0.095
5 0.90 1.5, 1.7 5.233 0.198 2.6 5.298 0.195

10 0.91 1.5, 1.7 10.316 0.258 2.6 10.372 0.299

0.10 1 0.73 1.3, 1.3 1.260 0.131 2.0 1.298 0.124
5 0.81 1.3, 1.3 5.508 0.215 2.2 5.583 0.231

10 0.85 1.3, 1.3 10.630 0.288 2.2 10.752 0.306
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Table 5. B = B(ξ̂, α, ε, y0) is the maximum bias of ξ̂ over a point mass
contamination ε∆y , for varying y. B̂ = B̂(ξ̂, α, ε) is the estimate of the
maximum asymptotic bias over an ε-contamination neighborhood of Fα based
on the influence function. V̂ = V̂(ξ̂, α, ε) is the estimate of the maximum
asymptotic variance over an ε-contamination neighborhood of Fα based on
the change of variance function.

Shrinking component Shrinking norm

ε α B B̂ (V̂/200)1/2 B B̂ (V̂/200)1/2

0.05 1 0.137 0.118 0.098 0.148 0.156 0.105
5 0.243 0.215 0.192 0.288 0.280 0.211

10 0.322 0.288 0.264 0.378 0.369 0.290

0.10 1 0.256 0.207 0.121 0.304 0.299 0.136
5 0.477 0.388 0.219 0.605 0.530 0.263

10 0.630 0.519 0.296 0.791 0.704 0.359
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Figure 1. Elements of the matrix Ab(α) for varying α (shrinking norm b = 2.6, shrinking
component b1 = 1.5, b2 = 1.7).
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Figure 3. Influence functions of the standardized shrinking norm (α = 5, b = 2.6) and
shrinking component estimates (α = 5, b1 = 1.5, b2 = 1.7).
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Figure 4. Bias curves of the shrinking component estimates (α = 5).
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Figure 5. Histogram of 2395 lengths of stay of patients that were hospitalized in Switzer-
land during 1988 for “vaginal delivery”; the two densities of the Gamma distribution have
been determined by means of the maximum likelihood (dotted line) and the standardized
shrinking component estimate (solid line).
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