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Measuring random variation of life tables
and modal age of death

Abstract

Assuming that human life is a random experiment, life tables and associated lifespan
indicators are subject to random variation. While traditional indicators, such as life
expectancy at birth, are usually almost unaffected by this kind of uncertainty, the variability
of recent indicators, such as modal age at death, cannot be ignored: random variation affects
their comparison and interpretation. The random variation of these statistics can be measured
using stochastic simulation and bootstrap algorithms. We illustrate these points using 25
standard life tables for Switzerland based on 5 year periods from 1876-1880 to 1996-2000 and
three estimates of the modal age of death.

Introduction

The life table is a key tool in social and medical sciences, including the management of social
security schemes. They provide useful indicators of lifespan and age structure of the
population.

Current demographic and epidemiological issues such as increase in life expectancy,
hypothetical existence of an upper limit to longevity, change in the age pattern of the oldest-
old, require the use of specific indicators such as life expectancy at varying ages, modal
duration of life (most frequent age of death), and measures of dispersion of the highest ages.

Life tables are usually constructed from observed age specific mortality rates. Unfortunately,
except in countries with well-established vital statistics registries (as in the Nordic countries,
England, France, and Switzerland) most of the available series are incomplete and limited.
Various mathematical mortality models (e.g., Gompertz, logistic, Weibull) have been
developed to overcome these incomplete datasets (Thatcher Vaupel and Kannisto 1998).
Several indicators are computed on the ground of these models.

From the statistical point of view, human life may be considered as a random experiment and
its outcome, survival or death, as a result subject to chance: “if a person were allowed to
relive the year he just survived, he might not survive a second time” (Chiang 1984: 78).
Therefore, the total number of deaths occurring in a population during a defined period of
time is a random number, and a life table based on this number is a statistical object prone to
random variation. Accordingly, any model fitted to this life table, as well as any indicator
derived from this model, are random variables. Measuring their random variation is an
important step in assessing the statistical significance of mortality differences between
different populations or mortality changes over different periods of time for the same
population.

Two approaches may be used to measure random variation in life tables: mathematical
analysis and Monte Carlo simulation. Mathematical analysis is relatively simple for classical
indicators such as life expectancy but much more complex for other measures such as modal
age of death. Monte Carlo simulation uses straightforward computational algorithms to
simulate a large number of tables which could be drawn from the original population (Karlis



and Kostaki 2002). For each simulated table, the indicator of interest, e.g., modal age of death,
is computed. The distribution of the simulated values of this indicator provides the basis for
the computation of measures of random variation (e.g., the standard error and confidence
intervals of modal age of death) and for statistical inference (e.g., testing hypothesis about
modal age of death).

In this paper we describe two algorithms to simulate current and cohort life tables, using
Swiss mortality data from 1876 to 2002. We focus on three estimates of the modal age at
death; two of them are non-parametric and a third one is based on a normal fit of the
underlying life table. We discuss the impact of random variability in the analysis of the these
estimates. Computer programs written in R (http://www.r-project.org/ ) to run the examples
described in this paper are made available on the corresponding author’s website
(www.iumsp.ch).

Methods

We first consider a period life table or “complete current life table” (Chiang 1984)
constructed from the observed midyear population sizes P, and the corresponding observed

number of deaths D, for ages x=0,1,...,w—1. The age-specific death rates M, are defined
as

M,=D,/P, x=01..,w-1, (1)

and the probabilities of death are estimated by
4, =M, /1+(1-a)M,), x=01..,w-1, §, =1, (2)
where the numbers a, (fraction of year lived on the average by each individual alive at age x)

are supposed to be given. For a given radix n, e.g. n=1007000, the life table number of alive
I, atage x and the life table number of deaths d, in the age interval (x,x+1) are given by

l, =n, ©)
d =14, x=01...,w, 4)
Ix+l=|x_dx' (5)

The quantitiesq,, |, and d are the basic building blocks. From these values, various
indicators of longevity are derived.

The usual statistical analysis of a period life table assumes that the midyear population size P,
and the observed number of deaths D, for ages x=0,1,...,w—1 are available data. It is also
assumed that D, is a realization of a binomial random variable in N, Bernoulli trials,

where N is the number of people alive at age x and each individual is and elementary
experiment with probability of death is §,. N, is usually unknown but can be estimated by

NX =P +(@—-a,)D,. Abasic algorithm to simulate a current life table can therefore be based



on these assumptions. Accordingly, a large number K (e.g., 1°’000) of simulated death
numbers D, is generated for each age x =0,1,...,w—1 (and given values of P,) using a

binomial random number generator for NX trials with “success” probability g, . For each

simulated set of death numbers, a simulated life table is then computed according to the
standard procedure described above (formulae (1)-(5)) and, if necessary, a model is fitted to
each simulated table. Finally, K simulated values of the indicator under study are derived
from the K simulated tables. It may be noted that this is a “bootstrap” algorithm (Efron and
Tibshirani 1993). Bootstrap inference (i.e., tests and confidence intervals) are then based on
the empirical distributions of these simulated values. Examples as described below.

In order to simulate a “cohort life table” (Chiang 1984), a different scheme has to be used. In
this case, the radix n and the probabilities of death §, are given. The simulated life table

death numbersd and the associated survivor numbers | are generated according to the
following steps:

1.Set x=0 and |, =n (initial population size at age x=0).

2.1f I >0, generate a random number of deaths d_ at age x according to a binomial
distribution for I trials with “success” probability §, ; otherwise, set d, =0.

3.Set x=x+1.1f x<w,setl =1, —d , (population size at age x) and go to Step 2;
otherwise, stop.

These steps are repeated K times in order to obtain K simulated tables and K simulated values
of the indicator of interest. Again, measures of random variation are based on the empirical
distribution of these simulated values.

Data

Age-specific death counts and population estimates were taken from the Human Mortality
Database (http://www.mortality.org/). Standard period life tables for Switzerland -- from
1876-1880 to 1996-2000 (25 five-year tables) were computed. Each gender was considered
separately. No modeling or closing techniques were used.

Examples

Figure 1 shows the d, curve (solid line) of the actual Swiss female life table of 1996-2000 for
a radix n=100’000. The grey area around the solid line envelops 1’000 d, curves that have
been generated according to the basic algorithm for current life tables described above.

The average size of the random fluctuations is significant and clearly depends on age x.
According to the binomial model, the standard error of d, can be estimated by

o, = [(If / NAX)c]X - dx)]o's. The plot of o, versus x given in Figure 2 shows that the
maximal random variation corresponds to the middle values of §,, i.e., the ages of maximal
uncertainty about the outcome (survival or death) of the random experiment “human life”.


http://www.mortality.org/

As a starting example of longevity indicator, we consider life expectancy at age x, €, , defined
by  =T,/I, (x=01,...,w),where T, =L, +L,, +..+L, (x=01...,w) and

L, =(,-d,)+a,d, (x=01,...,w-1). Figure 3 shows the histogram of the 1’000 values of
€, obtained from the simulated d curves of Figure 1. A 95% confidence interval, more

precisely, a percentile interval (Efron and Tibshirani 1993), is (81.32,81.61). This very short
interval covers 95% of the simulated life expectancies at birth. Figure 4 shows the €, curve of

the Swiss female life table of 1996-2000; the grey area around the solid line envelops the
1’000 simulated €, curves corresponding to the 1’000 d, curves of Figure 1. We note that the

average size of the random fluctuations is practically negligible, except for ages above 100.

We now consider the empirical modal age at death Anmqq i.€., the age associated with the
highest frequency of deaths; if several ages are associated with the same maximal frequency,
Amod IS defined as their average. The empirical modal age of the Swiss female life table of
1996-2000 is Amog = 87. Figure 5 shows the histogram of the 1’000 values of Anoq Obtained
from the simulated d, curves of Figure 1. Due to the discrete nature of the indicator, its

distribution is concentrated on a few integer values. The 95%-percentile interval (86,89)
shows that Amog fluctuates much more than €, .

It is often difficult to uniquely define the modal age of death because several ages may be
associated with similar modal frequencies of deaths. As a remedy, a smoothing procedure
(Cheung et al. 2006) can be used. First, a normal density

function f (x) = aexp(—(x —b)? /(2c?)) with parameters a, b, and c is fitted to the dy curve
from five years before Amqg to the maximal age of death. Then, the normal modal age Nmoq is
defined as the mode of the fitted density. Figure 6 shows the normal fit to the d, curve shown

in Figure 1, whereas Figure 7 provides the histogram of the 1’000 values of Nyoq Obtained
from the simulated d, curves of Figure 1. The 95%-percentile interval for Npoq iS

(86.39,86.83).

The normal modal age Nmoq relies on the assumption that normal densities are convenient
approximations of real d, curves for ages close to Ameq . This may seem a very strong
assumption and a nonparametric smoothing procedure might thus be preferred. For example,
we can use the kernel density estimate implemented in the R software (function density ()
with parameters kern="gaussian", adjust=1.7) to fit the d, curves from twenty years before
Emod to the maximal age of death and define the kernel mode as the mode N4 Of the kernel
density estimate. (The choice of the parameters of this procedure is not relevant for the
purpose of this paper.) Figure 8 shows the kernel density fit to the d, curve of Figure 1. The

simulated d, curves of Figure 1 provide a 95%-percentile interval of (86.77,88.19).

Figures 9, 10, and 11 summarize the simulation results for the three indicators Amod, Nmod,
and Knog and the 25 life tables from 1876-1880 to 1996-2000 (males and females separately)
mentioned in section “Data”. For example, Figure 9 shows the time series of the empirical
modal ages Amod; the vertical bars represent the corresponding 95%-percentile intervals.
Figure 10 and Figure 11 show similar diagrams for Nyog and Kpog.

As an example of testing procedure, we consider the (null) hypothesis that the1901-1905 male
and female life tables were generated by two “random experiments” with the same underlying



value of Knog. The observed values of Kyog were 72.70 (females) and 68.72 (males) and the
corresponding confidence intervals were (70.91,71.08) and (67.30,72.56) . Figure 12 shows
the histogram of 1’000 simulated differences Kmod mate - Kmod femate - Under the null hypothesis,
we would expect this distribution to be centred at 0. But we observe a very small proportion,
about 2.5%, of values larger than 0; we therefore reject the null hypothesis with a simulated
(unilateral) p-value of 2.5%.

Discussion

The bootstrap algorithms described in this paper are a straightforward approach to the
problem of measuring the random variation of a life table and the associated mortality or
longevity measures. Virtually any indicator derived from a life table can be simulated with the
same algorithms, avoiding complex mathematical analysis, and measures of random variation
(e.g, standard errors and confidence intervals) can be derived from the distribution of the
simulated values.

In the past, little attention has been given to measures of random variation of life expectancy
for two reasons. Firstly, it has been argued that any indicator based on the mortality
experience of an entire population is not prone to sampling errors. Secondly, life expectancy
is an arithmetic mean over a large population and therefore, even if human life is considered
as a random experiment, its standard error is very small. However, recent demographic and
epidemiological research on longevity uses modal age of death and life expectancy at age 100
and above, i.e., measures typically based on a small portion of the population (the oldest-old)
and are therefore more prone to significant random variation.

Random variation cannot be ignored when comparing indicators of this kind. For example the
difference of male modal age of death between the 1901-1905 and the 1906-1910 periods
(Figure 11) seems to reflect a random variation — as measured by large and overlapping
percentile intervals — rather than a structural change. On the other hand, random variation
does not explain the observed differences between male and female modal age of death for the
early periods of our time series as shown by a simple test based on the simulated differences

Kmod,male - Kmod,female-

The definition and the choice of an indicator might also have a substantial impact on the
conclusions. For example, the parametric measure Ny,oq Of modal age is clearly much less
variable than its non parametric counterparts Amog and Kpog. This different behaviour of
parametric and non parametric indicators is well known: the information provided by
parametric models tends to reduce the random fluctuations conveyed by the data at the cost of
potential distortions of the measure. For the life tables described in this paper, the normal
density seems to provide an adequate fit to the d, curve (Figure 6), particularly for ages close

to the mode. This fit is very good for the 26 periods and in both genders. Therefore, Nmog Can
be taken as a reliable estimate of modal age of death. However, since a strong theoretical
justification of the normal model is not yet available, one might prefer a nonparametric
smooth as a reasonable compromise between Npoq and Amed (although the appropriate tuning
of this kind of procedure may require expert judgment).

Bootstrap is likely to be increasingly used in all situations, frequent in medicine, when
parametric models and related statistics are very complex. A detailed description of the
bootstrap methods to compute measures of random variation, confidence intervals and testing
procedures, can be found in (Davison and Hinkley 1997).
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Figure 5: Histogram of 1000 values of empirical mode.

90

Age

Figure 6: Normal fit to the d, curve of Figure 1.
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Figure 8: Kernel density fit to the d, curve of Figure 1.
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Figure 9: Empirical mode for the 25 life tables, males and females.
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Figure 10: Normal mode for the 25 life tables, males and females.
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Figure 11: Kernel mode for the 25 life tables, males and females.
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