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Abstract. The linear regression models for a transformed response is consid-
ered. S- and MM-estimates depending on the transformation parameter A are
defined and asymptotic results for these estimates are obtained. Using these
results, consistency of the robust residual autocorrelation estimate of A based
on S- and MM-estimates is proved in the simple regression case.

1 Introduction

We consider a random sample (X1,¥1), . - ., (Xn, yn) of the random variable (x, y),
where x is a vector of p explanatory variables and y is a positive response
variable. They are assumed to be linked by the linear relationship

9(y, %) = x" By + a(x)u, (1)

where g(y, Ag) denotes a response transformation, A\ is a parameter that takes
values in A C R, B, € RP is a parameter vector (the first component of 3,
being an intercept term), and ¢(x) is an unknown scale function. We assume
that u is independent of x. In Section 2, we define 3,,()), S,,()), and 3,()\) as
the S-estimate of 3, the associated S-estimate of scale, and the MM-estimate
of B when the responses are g(y;, A) and y; is distributed according to (1).
Two results are proved: First, these estimates are asymptotically uniformly
bounded (for all A in a compact subset of R); second, for n sufficiently large
and X sufficiently close to Ao, B,,(\) and 3, (\) are arbitrarily close to 8,. In
Section 3, consistency of the robust residual autocorrelation estimate of the
transformation parameter defined in Marazzi and Yohai (2005) is proved, for
the case p = 2, under conditions which are insured by the results of Section2.
The following assumptions concerning the model are required:

H1. The distribution F' of u; is continuous and symmetric.
H2. For each A, the function g(y, ) is continuous and strictly monotone with
respect to y and A C R is compact.
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2 S- and MM-estimates

We consider a sample u = (u1, ug,....,u,) of size n of a univariate distribution.
Huber (1964) defines the M-estimate of scale as a solution s, (u) of the equation

2 (<)

- x| —— ) =b 2
n ; 1 sn(u) ) ( )
where b is a given positive real number and x; a given function R — RT. In
the following, we require that y, satisfies the following properties:

H3. (i) x,(0) = 0; (i) , is evens (iil) if Ju| < [v], then x, (u) < x4 (v); () X,
is bounded; (v) x; is continuous at 0.

We now consider a sample Z = {(x1, 21), ..., (Xn, 2 )} Of a regression model
2z = x'3 + u. Rousseeuw and Yohai (1984) define the S-estimate of 3 by
B, = argmin s (x(9), ®)

where r(8)= (r1(8),...,rn(8)) and 7;(8)=y; — x} B. An associated S-estimate
of the error scale is then given by

§u = su(x(B,)). (4)

Rousseeuw and Yohai (1984) show that the asymptotic breakdown point of
the S-estimates is €* = min (b/a,1 —b/a), where a = maxy;. Therefore, if
b = a/2 we have ¢* = 1/2. Unfortunately, the S-estimate of 3 cannot simultane-
ously attain a breakdown point of 0.5 and a high efficiency under normal errors
(Hossjer, 1992). In order to obtain both these properties, Yohai (1987) propose
the MM-estimate of 3 defined by

B, = arg mﬁingm (m(ﬂ)) : (5)

S

where S, is the error scale estimate (4) and x4 is a second function satisfying
H3 and such that:

H4. x5 < x; for all u.

The MM-estimate ,@n has the same breakdown point as the S-estimate [3" The
most frequent examples of functions x; and x, are taken in the Tukey’s biweight
family

k) = { 3(z/k)° =3 (z/k)* + (z/K)° if |2| <k,
’ 1 if |z| >k,

where k is a given constant. Taking x;(z) = x(z,1.548) and b = 0.5 in (2), the
asymptotic breakdown point of the S-estimates 3,, and S, equal to 0.5. Taking
X2(2) = x(2,4.687) in (5), the MM-estimate 3,, attains an asymptotic efficiency
of 0.95 under normal errors while preserving breakdown point 0.5.



We now define B,,()), Sn()), and 3, (\) as the S-estimate of 3, the associated
S-estimate of scale, and the MM-estimate of 3 when z; = g¢(y;, \) and y; is
distributed according to (1). The following additional assumptions are required:
H5. P(x'8 #0) > b/a for all 8 # 0.

H6. P(g(y,\) —xTB #0) > b/a for all B # 0 and all A € A.
H7. The distribution of the error u has a strictly unimodal density.

Theorem 1. Let (X1,%1), ..., (Xn, Yn) be a random sample of model (1). Assume
H1-H6. Then, there exist K, sg, and s; such that:

(i) limp, oo supyen |18, (M| < K as.,

(i) limy,— oo SUPycp Sn(A) < 51 ass.,

(iif) limy, g infrea Su () > 5o ass.,

(iv) limy, oo supyep |18, (M| £ K as..

Theorem 2. Let (x1,41), ..., (Xn,Yn) be a random sample of model (1). Assume
H1-H7. Then, given § > 0, there exists € > 0 such that

mn~>c>o sup ||Bn(>‘) - /60” < d a.s., (6)
[IA=Xo|<e
mn~>oo sup ||§n(>‘) - SOH < d a.S., (7)
[A=Xo|<e
and o .
lim,—o sup ||B,(A) =Bl <6 as.. (8)
[IA=Xo|<e

3 The robust residual autocorrelation estimate

In this section we consider the simple regression model

9y, Xo) = Bo1 + Bogz + q(z)u, 9)

which is a special case of (1) for p = 2. Suppose that 8,, = (6,1, On2) is & con-

sistent robust estimator of the coefficients for a simple regression model with

homoscedastic errors and .S,, a measure of error scale. Specific examples are pro-

vided by the MM-estimate 3,, and the associated S-estimate of scale S, defined

in Section 3. Let B,,(A) = (8,,1(A), B2 (X)) and that S, (A) be the results of ap-

plying these estimators to the transformed sample (x1, g(y1,A)), - .-, (Zn, 9(Yn, A))
and B(X), S(A) their asymptotic values. Since (z1, g(y1,M0))s- -+ (Zny 9(Yn, Ao))

is a sample of a linear model, where the coefficient vector is B,, we have

B(Xo) = By. We define

T(Aaﬁaxa y) = g(ya >‘) - XTﬁ

and denote by h the inverse of g(y, Ag). If the residuals r(\, B(\),z;,y;) are
computed using the true parameter Ay, their conditional mean is close to zero
for all values of the covariates. On the other hand, when the residuals are
computed using a A # \g, there is a functional relationship between the residual



conditional mean and the fitted values. A suitable value of A should therefore
minimize a measure of non-linearity for this relationship. One such measure is
the robust residual autocorrelation pk(\) defined as follows.

We first suppose that all the values x1,...,x, are distinct. In this case,
we sort sort x;, ¢ = 1,...,n in ascending order and define ji,...J, as the
corresponding permuted indices, i.e., xj, < zj, < ... < x;, .Then, for any A € A,
B =(B1,8,)" and s > 0 we define

n—1
)=y S (FOBm) ) (1O B}
i=1

s S
and
Pr(N) = (X, BA), Sn(N)). (11)
In the case of ties among the values x1, ..., z,, one can modify (10) by arbi-

trarily permuting the tied values and computing the correlations by averaging
over the permutations. Details of this modification can be found in Marazzi and
Yohai (2004). The robust residual autocorrelation estimate (RAC-estimate) of
Ao is defined by
Ap = in p*(A).
n = argmin p”(A)

The following Theorem 3 provides a consistency result for the RAC-estimate
in the simple regression case. Unfortunately, consistency has not yet been proved
for the multiple regression case. The following assumptions are required.

HS8. The distribution H of x; in model (9) is continuous.

H9. ¢ is continuous.

H10. ¥ is continuous, odd, monotone non decreasing and bounded.

H11. The estimates 8,,(A) and S,,(A) have the following properties:
(i) Given 0 > 0, there exists € > 0 such that

fm sup [18,(\) — Boll <6 as.,
IA—Xo|<e

where ||-|| denotes the Euclidean norm.
(ii) There exists K > 0 such that

lim,, o0 sup ||3,,(V)]| < K ass..
AEA

(iii) There exists sy > 0 such that

lim,, 0 SUp 8, () < 52 a.s..
AEA

(iv) There exists s; > 0 such that

lim, Auenf\ Sn(A) > s1, as.



H12. Robust Identifiability Condition. In model (9) let

a0 Bosa) = £ (v <M>‘> . (12)

S

Then, for any A\ # Ao, B €R? and s > 0, P(d(\, B, s,z) # 0) > 0.

Theorem 3. Let (z1,41), ..., (n, yn) be a random sample of model (9). Assume
H1 H2, H8 H12. Then

(i) An =P Ao,

(i) B, (An) =P Bo,

where — p denotes convergence in probability.

Remark. Theorem 1, Section 2, gives sufficient conditions for the S- and MM-
estimates to satisfy assumptions H11 (ii)—(iv) (i.e., conditions A6 (ii)—(iv) in
Marazzi and Yohai (2005, Section 4). Theorem 2 gives sufficient conditions
for the S- and MM-estimates to satisfy assumption H11 (i) (i.e., condition A6
(i) in Marazzi and Yohai (2005, Section 4). Marazzi and Yohai (2004) proved
consistency of the RAC-estimates under stronger conditions for which no result
similar to Theorem 2 was available.

4 Proofs

The proof of Theorem 1 is structured as follows. First, given § > 0, M >
0, and ¢ € (0.5,1), we define Zs ¢ as the set of all the samples Z =
{((%1,91), -+ (X, y))} of size n such that #{i : [y < M, [xFB| > 5}/n > ¢
for all ||8|| = 1. Lemma 1 shows that S-estimates are uniformly bounded for
Z € Zsm¢n independently of n and Lemma 2 proves a similar result for
MM-estimates. Second, given 7 > 0, K > 0, and { € (0.5,1), we define
27 1 cn as the set of all the samples Z of size n, such that #{i : |r;(8)| >
7}/n > ¢ for all B such that ||3|| < K. Lemma 3 shows that S-estimates of
scale are uniformly bounded away from 0 for Z € Z* K.Con independently of
n. Finally, we show in Lemma 5 and Lemma 6 that, for large n, the samples
(x1,9(Y1,A));s ooy (Xns 9(Un, A)) belong almost surely to some Zs az,¢,n and some
Z7 k¢ for all A To prove this result, we use the general Lemma 4 , which
follows from standard compacticity arguments.

Lemma 1. Let Bn be an S-estimate of B and S, the associated S-estimate of
scale as defined by (3) and (4). Assume that y; satisfies H3, and let a = max x;.
Given § > 0, M > 0, and ¢ such that 0.5 < b/a < ¢ < 1, there exist positive K
and s (independent of n) such that, for any sample Z € Zs ar,¢.n, we have:

(i) S'n~§ s1 for all n;

(ii) [|18,]| < K for all n.

Proof. We first prove (i). Clearly ¢ > 1—1b/a, i.e., b—a(1—¢) > 0. Therefore,
by H3, there exists p > 0 such that x;(u) < b—a(l —¢). Let s = M/u. Then,



if Z € Z5 r,¢,m, we have

x; 0 1 Yi 1 Yi
P (B -1 2w (B) 45 2w (k
lys|[<M lys|>M

<xa(w) + (1= Qa<b—a(l—¢)+(1-Ca=bh

Therefore, s, (r(0)) < s; and hence S,, < s1. To prove (ii), we take R < a such
that (R > b and K such that x;((Kd — M)/s1) > R. Suppose that 8 is such
that ||8|| > K and set 8 = 3/ ||8]| . Then,

L ()15

IﬂIXTG)

( IﬁIIXTO)
X1
S1

2 (K6 — M)/s1) > CR>b.

(*
>

lys|[<K, |x]8|>5

Y

1
n
1
n

Thus, ||8]] > K implies s,(r(8)) > s; and, since S,, < s1, it follows that
ek

Lemma 2. Let 3, be a MM-estimate of 3 as defined by (5). Assume that y;
and x, satisfy H3 and H4. Given § > 0, M > 0, and ¢ such that 0.5 < b/a <
¢ < 1, there exists a positive K such that, for any sample Z € Zs s ¢.n, we have

Proof. By (5), we have

_Z < i /6 ) - le (yz S"?ﬁn) — b (13)

i=1 n

Let s; be as in Lemma 1. We choose R < a such that (R > b and K such
that xo((Ké — M)/s1) > R. Suppose that B is such that [|3]| > K and set
0 =p/|B|. Let Z € Zs5 nr,¢.n- Then, since S, < s1 we have

. 1 . 18] x"e
_Z (y XIB)ZE 3 XQ(y Igﬁillxz)

S lyi|[<K, |xT0|>5

Ko —M
z%(ég—)xmb.

Therefore, by (13), we obtain ‘ An

Lemma 3. Assume that x; satisfies H3, and let ¢ = maxy;. Given 7 > 0,
K > 0, and ¢ such b/a < ¢ < 1, there exists so > 0 such that, for any sample
Z € Z7 g ¢.n» We have s,(r(8)) > so for all n and all 8 such that ||B]| < K.



Proof. Take R < a such that R¢ > b and so > 0 such that x,(7/so) > R.
Then, for all 8 such that ||| < K and Z € Z7 ., we have

1 < Yi — X;F,@ 1 " Yi — xI'3
— A S I E g T
n X1 ( So -n X1 S0

and therefore s, (r(8)) > so for all n.

Lemma 4. Suppose that xi,...,X, are i.i.d. random vectors of dimension p,
O is a compact set in an Fuclidean space and ¢t : RP x © — R is a continuous
function. Suppose that there exists ¢ such that P(t(x,0) # 0) > c for all 6 € O.
Then there exist ( > ¢ and § > 0 such that

" gco n

a.s..
Proof. By the Dominated Convergence Theorem, given 8 € ©, we can find

4(0) > 0,((0) >c and €(0) such that

<e(0)

P (IB* ierﬁf [t(x,0%)] > 5(0)) >((0). (14)
By the Heine-Borel Theorem there exist 01, ...., 8y, such that
0 c U, {lle" - 0,1 <=(0,)}.

Let 6 = minlgjgk (5(0]), then

P . #41 :inf 0—6;]<=(0, |t(X“0)| > (5(0)
N 2 R LCC | ) Sy {iinflo-e, <=0, j }
6co n 1<j<k n

Using (14) and the Strong Law of Large Numbers, we have that for 1 < j < k

# {Z : inf”e—ejl\ge(ﬂj) |t(xi, 0)] > 5(0j)}

n

lim > ((6;) as..

11— 00

Then, putting ¢ = miny<,<x ((6;) > ¢, the Lemma follows.

Lemma 5. Let (x1,y1), ....., (Xn, Yn) be a random sample of model (1). Assume
that g is continuous, A is compact and that there exists ¢ such that P(xT3 #
0) > c for all B # 0. Then, there exist { > ¢, § > 0 and M > 0 such that

P (UpZy Nisn Maea {((X1,9(y1, M) e (Xm, 9(Ym, N))) € Z&,M,(,m}) — 1(. |
15



Proof. By Lemma 4, there exists § > 0 and ¢; > ¢ such that

Xt )
lim inf #{Z x. Bl > }>(:1a

===n—00
I8l1=1 n

S.. (16)

Take ¢ such ¢ < ¢ < ¢; and put y; = maxyea |g(yi, A)|. Since the y; are i.i.d.
random variables, we can find M such that P(y; < M) > 1 — ({; — ¢)/2.
Therefore, by the Strong Law of Large Numbers

lm ZUVSME G =G (17)

From (16) and (17) we get
#{i: IxFB| > 6 and y; §M}

lim, , . inf > ( as.
IBll=1 n
and therefore the Lemma follows.
Lemma 6. Let (x1,%1),....., (Xn, yn) be a random sample of model (1). As-

sume that ¢ is continuous, A is compact, and that there exist d such that
P (g(y, A\ —xT@ # O) > d for all X\. Then, for any K > 0, there exist ( > d and
7 > 0 such that

)

Proof. Using Lemma 4, we can find { > d and 7 > 0, such that

# {Z : |g(ym>‘) - X;T/B| > T} N C a.

(BNE{IBISK}xA n

lim

—nNn—00

S.

and then the Lemma follows.

Proof of Theorem 2. Using H5 and Lemma 5 with ¢ = b/a, we can find M
and ¢ > b/a such that (15) holds. By Lemma 1, we can find K and s; such

that, for any sample Z € Zs p,¢,m, we have S, < s1, ||Bn|| < K and ‘ Bl <K
for all n. Therefore,
P (U3 s Maea{llB I € K}) = 1, (19)
P (U%O=1 Nm>n MNixeA {Sn(k) < 51}) = 1,
P (U1 Nsn Maen {IB. NI < K}) = 1.

Then, parts (i), (ii), and (iv) of Theorem 2 follow. Using H6 and Lemma 6 with
d = b/a, we can find 7 > 0 and ¢ > b/a such that (18) holds. By Lemma 3,
we can find so such that Z € Z7 ;- ., implies s,,(r(8)) > so for all ||B]| <K.
Then, from (18) and 19 we get

P (U7 P Maea {8n(N) 2 s0}) =1,



and part (iii) of Theorem 2 follows.
The following Lemma is necessary to prove Theorem 2.

Lemma 7. Suppose that y = xT3,+u, where x is a random vector of dimension
p and u a random variable independent of x with a distribution satisfying H1
and H7. Let x be a function satisfying H3. Then:

(a) E(x(y —x*3)) has a unique minimum at 8 = B;
(b) if s(B3) is the solution with respect to s of

(1(2)

then s(3) has a unique minimum at 8 = 3,.
Proof. The proof of this Lemma can be found in Yohai and Zamar (1988).
Proof of Theorem 2. Let s, (), 3) denote the M-scale defined by

1 = r()‘7/37xiayi) o
E;XI( sn(A, B) )_b,

and let S(3, ) denote the asymptotic version of s, (), 3) defined by
T()\, /35 X7y) ) )
E _ =b.
(Xl ( S0, 8)

00 = S(ﬁm)\O) < S(ﬁ)‘())
for all 3 # 3, and, therefore,

(o (22)

for all B # B,. Let K be as in Theorem 1 and

C={B:5 <|[IB— Byl <K + |Boll}-

By Lemma 7,

By the Dominated Convergence Theorem, for any 8 €C' there exists n(3) <

such that (.8 )
. A, 0, XY
F inf _ > b,
((5*,»6% x ( so +1(B) ))

D ={(B",A) : B =Bl <n(B), A = do|<n(B)}-

Using the Heine Borel Theorem, we can find vectors 3, € C, 1 <4 < k and sets

Ci ={B" . [|B" =B, <n(B,)},

where



such that UZ 1 Ci D C. Then, putting ny = mini<;<x 7(8;) < d and

Di ={(B,) : 1B = Bill <no, |X — Aol<no}

E< inf (M)) > b, (20)
(B.N)eD; oo + 1o

By the definition of oy we have

(o (22)

Then, be the Dominated Convergence Theorem, we can find 0 < € < 7, such

that
T(Aaﬁmxay))
E sup  x <7 < b. 21
<|)\/\0|<5 ! a0 +19/2 2D

By (20), (21), € < n, and the Strong Law of Large Numbers we obtain

(N, B,%;,1:)
lim, . le <7
BecC, \A >\0|<5n oo+ 1o

1 & A, B, X,y
> min lim —Z( inf  x <w) > b a.s. (22)

1<i<kn—oo n £ (BA)ED; o0 + 1M
1=

we have

and

Tim BN A, By, X, i
T sup —> (m>

IA=Aol<e T S o0 +1o/2
1< A s Vi
< lim —Z sup X (w) <bas. (23)
n—oo N, = |)\—k0‘§8 0'0+7]0/2

Therefore, for |\ — A\g| < € and n sufficiently large, we have

50(\,B) > 00 + 11 for any B € C, and s,(\, By) < 00 + 2.

This implies that, with probability one, there exists ng such that

B, *ﬂoH <46 or ‘

B, = Bo = 18]l + K

>

K. However, according to Theorem 1, (i), with probability one there exists
ny such that for all n > ny, supycy [B,(N)]| < K for all A € A. Thus, for
n > max(ng, n1), Hﬁn()\) - ,BOH < 4 for all A such that |\ — Ag| < e. This proves
(6). Since 1y < 4, (23) implies (7). The proof of (8) is similar to the proof of

(6) and it is omitted.

for n > ng and all A such that |A—Xg| < e. The last inequality implies HB”()\)

10



To prove Theorem 3 we need Lemmas 8-11. The proofs of Lemmas 8-10 can
be found in Marazzi and Yohai (2004).

Lemma 8.

(i) Assume that v, g and g are continuous. Then, d(\, 8, s,x) defined in (12) is
continuous.

(ii) Assume that 1 is even and u is symmetrically distributed. Let B, =
(Bo1s Bo2) T Then, d(Xo, By, s,z) = 0 for all s.

Suppose that H2 holds and let h(z) be the inverse of g(y, Ag). Then, for any
AEA, B=(B,85)T,  and u we define

7:()‘7 /37-7:’ u) =r ()‘a ﬂa z, h(ﬁOl—’—ﬁOQI + q(x)u)) .

In addition, for given A € A, B8 =(3,,85)T, s, u, u*, z, and &€ > 0 we define

0B (F00 )

S s*

t()‘aﬂ757uaU*aI7€) = D(/\iﬁ?gez)w (

where D(), B3, s, ¢, ) is the set of all \*, 8% = (851, Boe) T, 8%, o* satisfying the
following conditions:

A=A <e [IB" =Bl <e, |s"—s|<e |27 —z[<e

Lemma 9. Assume H1-H2, H9-H12. Let u, u*, and « be independent random
variables such that u and u* have distribution F and x has distribution H.
Then, for given X\ # Ao, B = (8;1,5;)T, and s > 0, there exists * = &*()\, 3, s)
such that E(t()\, B, s,u,u*, z,&*)) > 0.

Lemma 10. Let x1,...,x, be a random sample of a continuous distribution
and let ji,...,jn be such that z; < ... <z, . Define d; = z;,,, —xzj,, i =
1,...,n—1and my(e) = #{i : d; > €}/n. Then, for any € > 0, lim,,_,oc My () =
0 a.s..

Lemma 11. Let (z1,¥1), ..., (Zn, yn) be a random sample of model (9). Assume
H1-H2, H8-H12 and let p,,(\, B, s) be as defined in (11). Then:

(a) Given positive numbers 0, K, sg, and s1, there exists z > 0 such that

lim P( inf >z)=1
AP ey PRy 22 =,

where
L={(\B,s): A€A, [A=Xo| >0, [BI| <K, so<s<s1}.  (24)
(b) Given positive numbers sg, s1, and 7, there exists v > 0 such that

lim P( sup |p,(No,B,9)| <n)=1,

where
L* ={(B,s) :|IB—=Boll <v, so < s <s1} (25)

11



Proof. We prove part (a). Since the distribution of = is continuous we can
suppose that all the z;’s are different. For any (\,3,s) € L, let €*(\,3,s)
be defined as in Lemma 9. Since L is compact, according to the Heine-Borel
Theorem, we can find (Mg, By, sx) € L, 1 < k < m, such that L C U}, Ly,
where

L ={(AB,5) A= Xl <ep, [IB—Bill <ep s — sl < e}

and e} = e*(A\k, By, sk). It is therefore enough to show that there exist numbers
zr > 0, 1 < k <m, such that

n—00 (N8, 5)6Lk

lim p< inf  p,(\B,s) > zk) =1 (26)

Let j1,...., jn be defined as in Lemma 10, I = {i : | z;,, — x| > €;}, and
my, = #I/n. Then, if we call ly,...,l, the inverse permutation of ji,...,jn
and a = sup ¥, we have

il’lf pn()‘7/875)

(X\,B,s)E Ly,

1
> n ; H0k B 5 Wji> Wjisrr T 5;:)+
K3

)\ ﬁ,z]”ugl) 7:()\7/37qu,+1)” ji+1)
(A ;;Isl)feLk n Zw ( v S

2

*
> E g t(Ak‘)ﬂk)Sk)ujq,7uji+1)$ji)€k) — Mna
gl
n—1
* 2
> E g t()\kHIBkHSk?“ji?“ji+l’zji’€k)72mna'
1=1
n—1
2
= - E )\k,,@k,Sk,U“UZHA,x“Ek) 2mna’ .

Using Lemma 10, we have m,, — 0 a.s., and therefore

Mnﬁoo inf pn()\;ﬁasvlgo)

(M\B,s)E Lk
1 n—1
> nlLH;O - z;t()\k,ﬂk,sk,ui,ulmﬂ,xi,a,’:) a.s.. (27)
1=

Since the permutation ji, ... j, depends only on the x;’s but not on the w;’s, we
have

E (t ()‘k‘waka Sk‘7ui7uli+1a$’i552)) =F (t ()‘k‘H@ka Sk,’U;,U*,I,E;;)),

where u, u* and x are independent random variables, the first two with distrib-
ution F' and the third with distribution H. Therefore, by Lemma 9, there exists

12



2z > 0 such that

1 n—1 i}
E (ﬁ ;t()\k,,@k,sk,ui,uli+l,xi,sk)) =z, > 0. (28)
=
Since t(Ag, By, Sk Ui, U,y Tis €) and t( Ak, By, Sk, uj, i, ,, Tj,€5,) With 4 # j
are independent, except when ¢ = [; 11 or j = l;41, we also have

1 n—1
Var <_ Zt ()\kalgka Skauivuli+1’zi’sz))

(n—1)

= n2 [V&I‘ (t(AkmBkaskauaU*amﬂEZ))

* * * k% * *
+ QCOV(t()‘kalgkaSkauau azﬂsk)vt()‘kaﬁkaskau yU T 7€k))]7
where u, u*, u**, x, x* are independent and thus

n—1

1
i V. — t(A iy Wiy 1 Ly * =0. 29
im Var (n E (kalgkaskau Uliyq, T Ek)) (29)

n—oo ;
=1

Therefore, using Chebychev’s inequality, (28), and (29) we obtain

1 n—1

= Dtk B sk iy w5 T, €7)) —p 2k > 0. (30)
=1

Finally, (26) follows from (27) and (30). The proof of part (b) is similar to the
proof of part (a). The main difference is that we now use Lemma 8 (ii) instead
of Lemma 9.

Proof of Theorem 3. By assumptions H11 (ii), (iii) and (iv) there exist K,
S0, s1 and nj such that, if

Am{mmmMMSK}
AEA

Ay, = {inf Sn(A) > so},
AEA

A?m {Sup Sn()\) < 31} 5

AEA

we have P(A4;,) > 1—¢/6, for n > ny and 1 <14 < 3. Let z be as in Lemma 11
(a), then there exists ne such that, if L is defined as in (24) and

Ay = inf AB,s) > ,
. {wgmm(ﬁﬁ %

we have P(A4,) > 1 —¢/6 for n > ng. By Lemma 11, (b), there exist v and ng
such that, if L* is defined as in (25) and

N

A5n - { sup |pn()‘07/375)| S
(B,s)eL*

13



we have P(As,) > 1 —¢/6 for n > ng. Finally, by H10 (i) there exists ng such
that, if
Asn = {[18,,(X0) = Boll < v},

we have P(A4g,) > 1 —¢/6 for n > ny4. Since pi(N) = p, (A, B,,(N), sn(N)), we
have
inf  pr(\) > 4 A
{Al?opsp”()‘) > Z} D Mizy
and

{p;()\o) < 2/2} D As, N Asy, N Asy, N Agn.

Therefore, for n > ng = maxj<j<an;
R 6
P (A, - )\0‘ >6) <Y P(A;,) <,
i=1

where A€ denotes the complement of A. The consistency of Bn follows easily
from H11 (i).
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