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Abstract

We consider robust estimators for the linear regression model with asymmetric
(or symmetric) error distribution. We assume that the error model belongs to
a location-scale family of distributions. Since in the asymmetric case the mean
response is very often the parameter of interest and scale is a main component
of mean, we do not assume that scale is a nuisance parameter. First, we show
how to convert an ordinary robust estimate for the usual model with symmetric
errors to an estimate for the more general model with asymmetric errors. Then,
in order to improve efficiency, we introduce the truncated maximum likelihood
or TML-estimator. A TML-estimate is computed in three steps: first, an initial
high breakdown point estimate is computed; then, observations that are un-
likely under the estimated model are rejected; finally, the maximum likelihood
estimate is computed with the retained observations. The rejection rule used in
the second step is based on a cut-off parameter that can be tuned to attain the
desired efficiency while maintaining the breakdownpoint of the initial estimator
(e.g., 50%). Optionally, one can use a new adaptive cut-off that, asymptotically,
does not reject any observation when the data are generated according to the
model. Under the model, the influence function of this adaptive TML-estimator
(or ATML-estimator) coincides with the influence function of the maximum like-
lihood estimator. The ATML-estimator is, therefore, fully efficient at the model,;
nevertheless, its breakdown point is not smaller than the breakdown point of
the initial estimator. We evaluate the TML- and ATML-estimators for finite
sample sizes with the help of simulations and discuss an example with real data.



1 Introduction

Positive random variables with asymmetric distributions arise in many appli-
cations (e.g., analysis of income and expenditures, failure times, output of bi-
ological systems). Often the population mean (e.g., a mean expenditure in a
budgeting problem) is the parameter of interest and depends upon a number
of covariates. Unfortunately, the data may contain outliers and the mean is a
difficult parameter to estimate well in this case.

The main approaches to regression with asymmetric errors are: general-
ized linear models (McCullagh and Nelder, 1989), transformation and weight-
ing (Carroll and Ruppert, 1988), and non-parametric regression based on ranks
(Hettmansperger and McKean, 1998). Some special response models have also
been used (e.g., Williams, 1997). Both generalized linear models and transfor-
mation and weighting allow modeling of the mean with the help of covariates;
however, they use maximum likelihood, quasi likelihood, and generalized least
squares methods of estimation which are very sensitive to outliers. Rank-based
non-parametric regression is naturally outlier resistant; however, it is not in-
tended for modeling the response mean and is less efficient than parametric
methods when a model is adequate.

Recent research in parametric robust estimation (Hampel et al., 1986) pays
attention to univariate asymmetric models (e.g., Victoria-Feser and Ronchetti,
1994, 1997; Marazzi and Ruffieux, 1996, 1999) as well as to asymmetric response
regression (e.g., Cantoni and Ronchetti, 2001). Most of the proposed regression
methods can attain high efficiency levels; none of them can however simultane-
ously attain both high efficiency and maximum (50%) breakdown point.

In this paper we follow the parametric approach and propose high efficiency
and high breakdown point estimators for a class of regression models with asym-
metric (or symmetric) error distribution. We assume that the error model be-
longs to a location-scale family of distributions. Examples are the Log-Weibull
and the Gaussian distributions. Since in the asymmetric case the mean response
is very often the parameter of interest and scale is a main component of mean,
we do not assume, as usual, that scale is a nuisance parameter. The mean of the
estimated model will then be interpreted as a robust estimate of the population
mean after removal of the extreme observations.

First, we show how to convert an ordinary robust estimate for the usual
regression model with symmetric errors to an estimate for the more general
model with asymmetric errors. In general, the transformed estimator keeps the
same robustness properties than the original estimate, e.g., the same breakdown
point; however it is not necessarily efficient. In order to improve efficiency, we
introduce a new class of estimators that we call the truncated maximum like-
lihood estimators or TML-estimators. The computation of a TML-estimate is
very transparent: in a first step, an initial high breakdown point but inefficient
S-estimate is computed; in a second step, observations that are unlikely under
the estimated model are rejected; in a third step, the maximum likelihood esti-
mate is computed with the retained observations; finally, some corrections are
introduced to supress bias at the model. This proposal generalizes the sugges-



tion of Rousseeuw and Leroy (1987) to compute — in the symmetric error case
— a weighted least squares estimate, skipping those observations with absolute
standardized residuals (with respect to the least median of squares estimate)
greater than some fixed cut-off.

The rejection rule used in the second step is based on a cut-off parameter
that can be tuned to attain the desired efficiency while maintaining the break-
downpoint of the initial estimator. However, under the model, a certain fraction
of data is systematically rejected and the estimate suffers a small efficiency loss.
Optionally, an adaptive rejection rule may then be used. This rule (which
improves to the one proposed in Gervini and Yohai, 2002) is defined as fol-
lows: first, the empirical distribution of the observed likelihoods with respect to
the initial estimate is obtained and compared with the theoretical one; second,
observations with the smallest likelihoods are rejected, so that the empirical
distribution of the remaining observed likelihoods is stochastically smaller than
the theoretical one. No observation is therefore (asymptotically) rejected when
the data agree with the model and we show that the influence function of the
ATML-estimator coincides with the influence function of the maximum likeli-
hood estimator. This result strongly suggests that the ATML-estimator is fully
efficient.

The idea of adaptively trimming observations which are least likely to oc-
cur as indicated by the likelihood has also been investigated by Bednarski and
Clarke (1993) and Clarke (2000) in the the contaminated Gaussian error setting.
Their estimator and rejection rule are simultaneously defined without the help
of an initial robust estimator to identify the outliers. In addition, they choose
the trimming proportion that minimizes an estimate of the asymptotic variance
of the estimates. Field and Smith (1994) also propose a class of weighted max-
imum likelihood estimates where outliers are downweighted using two different
probability scales. Markatou et al. (1998) develop an approach to robust and
efficient estimation, where a weighted least squares estimate starting with an
initial robust estimate is proposed; the weights are based on a measure of dispar-
ity between the density of the errors under the initial model and the smoothed
empirical density of the residuals. The methods we consider in this paper are
computationally simpler and theoretically more tractable than the approaches
mentioned above.

In Section 2, we introduce the models. In Section 3, we define the estimators
and the adaptive cut-off value. Section 4 states that the breakdownpoint of the
new estimators is not smaller than the breakdown point of the initial estimator.
In addition, the influence functions of the TML- and the ATML-estimators are
derived. In Section 5, we provide empirical results on the performance of the
new estimators for finite sample sizes. In Section 6, we discuss an example
concerning costs of hospital stays. Proofs are collected in the Appendix.



2 Models and notations

We consider a random sample (X1,¥1), ..., (Xn, Yn), Where x; is a vector of p
explanatory variables and y; is a real response variable. We assume that they
are linked by the linear relationship

Yi = X;re + oe;,

where 8 € RP is a parameter vector and the first component 6; of 0 is an
intercept term. The carriers x; are distributed according to a cdf G with density
g with respect to the Lebesgue measure; the unobservable errors e; are i.i.d.
random variables with cdf F(-/o), where o is an unknown scale parameter; e; is
independent of x;. The joint cdf of (x;,y;) is denoted by H and its density by
h. In practice, the actual distribution of the errors is not known, so we have to
use a hypothetical model cdf Fy instead of F. We assume that Fy(-) = Fo1 (),
where Fp; is the standard member of a parametric family of asymmetric or
symmetric distributions with location parameter A, scale parameter o, density
fae and cdf Fy 5(2) = Fo1((z — A)/o). Thus, the cdf of y; is Fi,, with
A = x} 0. The joint model cdf of (x;,y;) is denoted by Hy and its density by
ho(z,y) = oL fo((y — 270)/o)g(x). We want to estimate the parameter vector
(0, 0), whithout assuming, as often is the case, that ¢ is a nuisance parameter.

The log-likelihood function will be denoted by p, ,(2) = —In f) ;(2) and the
score functions by s1.x ¢ (2) = 0In fia 5 (2) /OA, s2.x0(2) =0In fr, (2) /0o. We
assume that pg; is convex and that I po1(2)fo(2)dz < co. We will use the
abbreviations

p(z) =poa(2), s1(2) =s101(2), s52(2) =s201(2)+1
Examples of location-scale error models are the Gaussian model with density
fro (2) =6((z=A)/0), —o0<z< 00,
and Log- Weibull model with density

fA,a(z)zéeXp[<Z;)\) —exp(z_)\)}, —00 < z < 00.

3 Definition of the estimators

First, we observe that it is in general possible to convert a regression estimate
for the usual model with symmetric errors to an estimate for the more general
model introduced in Section 2.

3.1 General robust estimators for asymmetric errors. Suppose that
Fy(z) = (1/n) S I(y; — xT'8 <z) for given 6 (where I(-) denotes the indicator
function) and let U denote a scale equivariant functional defined on the set of
the distribution functions on R!. Consider the estimate of 8 defined by

T" = arg mein U(Fp)



and note that many robust estimates (e.g., S-, LMS-, LTS-, 7-estimators) can
be defined in this way. In addition, let

S* = i%fU(Fg).

Finally, let a = argminy U(F) 1), suppose that this minimum be unique, and
let b= U(F,,1). Define the corrected estimates S and T by

S=5%/b, T=(T}—aS,T;,...,T}).

Then, (T,.S) is a consistent estimate of (6, 0) when the underlying error distri-
bution is Fp 1.

As a specific example, we consider the S-estimate (T*,.S*) of (6, 0) defined
by T* = arg ming Sk, (6), where Sy, () is the solution of

1
n—p

Zxko ((y: —x;6)/5) =05

with respect to S, for given 8, and S* = Si, (T*). We assume that the function
X and the constants ap and ko are defined by

_ [ 3(2/k)? =3 (2/k)" + (/)" if |2| <k,
Xk (2) = { 1 if |z| >k,

ap = arglrgn/xko(z —a)fo(z)dz and /Xko (z —ao) fo (z) dz = 0.5,

In the Gaussian case, one obtains ag = 0 and kg = 1.548; in the Log-Weibull
case, ap = —0.135 and ky = 1.718. The corrected S-estimate is given by 17 =
T7 — S*ap, Ty =T} for j=2,...,p, and § = 5™.

In general, the estimators T and S keep the same robustness properties as
the original estimates, e.g., the same breakdown point. However they are not
necessarily efficient. One way of increasing the efficiency is to use T and S
as starting points to detect and reject those observations which may appear as
outliers and then compute the maximum likelihood estimator with the remaining
observations. This proposal is made precise in the next two subsections.

3.2 Rejection rules. We suppose that (79, S(®) is an initial high break-
down point estimator, such as the S-estimator defined above. In order to de-
fine cut-off values for outlier rejection, we consider the standardized residuals
ri = (yi — xF T©) /SO with respect to (T(®), S©) and compute the empirical
negative log-likelihoods p; = p(r;) for ¢ = 1,...,n. A large p, correponds to an
observation (x;,y;) with a small likelihood under the model Fy and suggests
that this observation is an outlier. To be precise, let F;" denote the cdf of p(e)
under the model and 7 be some large quantile of FO+ . We then define

w; = 1(p; <n)



and reject observations (x;,y;) such that w; = 0. A fized upper cut-off value u
and a fized lower cut-off value | are obtained by solving p(z) = n.

Following an idea of Gervini and Yohai (2002), we may also define adaptive
cut-off values that depend on the degree of contamination. For this purpose,
we compare the empirical cdf FS of py, ..., p,, with FO+ ; observations with the
largest p,; are rejected, so that the empirical distribution of the remaining p;-s
is stochastically smaller than the theorical one. Specifically, let Frf denote the
empirical cdf of pq, ..., p,, truncated at ¢, i.e.,

~ Fr)/Ef(t) ifz<t
+ _ n n =&
Fi(2) = { 1 otherwise.

We look for the largest ¢ > 0 such that Fif(z) = F;(z) for all z > 5, where 7 is
some large quantile of F0+ . More precisely, let

tn = sup(t| EF(2)/Ff(t) 2 F(2) for all z > n)
= sup(z | Ff(2) < an),

where
oy = min[i1>1f Ff(2)/F(2),1].
z>n

Since there may be an entire interval such that F,f(2) = «,,, the lower bound
being ¢, = inf(z | F,f(z) > ay), we define the adaptive cut-off vaue on the
likelihood scale as

tn = ma’X[Frj_l(an)an]a

where Ff~1 is given by some interpolation rule between ¢, and #,. (Note that
tn >, but that F7~'(a,) may be lower than 7.) Finally, we define weights

w; = I(p; < tn)

and reject an observation (x;,y;) if w; = 0. An upper adaptive cut-off value u,
and a lower adaptive cut-off value I, for the residuals are obtained by solving
p(z) = t,,. Intuitively, the empirical distribution of the remaining residuals has
tails that are comparable with those of Fj.

Remark 1. Gervini and Yohai (2002) propose an adaptive cut-off procedure
based on the difference Fy (z) — F;f(2) to measure the proportion of outliers.
The rule proposed in this paper seems more natural and facilitates the analysis.

Remark 2. An attempt to define #,, as the largest ¢ > 0 such that E(z) =
Fy (2) for all z > 0 did not provide satisfactory results. Simulations showed that
the cut-off value obtained in this way is often too low for small “clean” samples.
For this reason, to ensure high efficiency for small samples, we introduced the
lower bound 7 into the definition of #,.

Remark 3. In order to keep the analysis simple, we consider here only hard
rejection weights (with values 0 or 1). This means that we are looking for
protection against outliers that are larger than a certain “rejection point” and



no protection against lower contaminating observations. A smoother weight
system (e.g., biweight) would be more appropriate if a mild and more scattered
contamination is expected.

3.3 The truncated maximum likelihood estimator. Finally, we specify
a complete procedure based on adaptive or non-adaptive outlier rejection.

Step 1. Compute a corrected S-estimate (T(O), SO,

Step 2. Using the standardized residuals with respect to (T(?), S(O)), compute
the fixed cut-off values [, u or the adaptive cut-off values [, u,,, and the weights
w;. Set n="> w;.

Step 3. Compute the maximum likelihood estimator after rejection of the ob-
servations such that w; = 0, i.e., solve for T and S :

wis1 ((yi =%, T)/S)x; = 0, (1)

S| =

1

-
Il

w; So ((yZ — X;FT)/S) = 1 (2)

3 =

Il
N

3

Step 4. Correct the scale estimate: in the non-adaptive case, replace S with S/b
where b is the solution of

m /lu S9 (%) fo(z)dz =1; (3)

in the adaptive case, replace I, u with I,,, u, in (3).

In the non-adaptive case, we call the estimator defined in Steps 3 an 4 the
truncated maximum likelihood estimator or TML-estimator; in the adaptive
case, the estimator will be called the adaptively truncated maximum likelihood

estimator or ATML-estimator. In general, we will use the notation (T, S) to
denote both the TML- and the ATML-estimators.

Remark 4. Often, it is more convenient to use the following equivalent defini-
tion of the TML-estimator:

(T. $) = arg yin [% > wipl(yi —x6)/o) + Flna| (4)

1 u
B = m/l s52(2) fo (2)dz. (5)

The limits [ and » must be replaced with [,, and wu,, in the adaptive case. In
addition, nn can be replaced with n — p.

Remark 5. By definition, the cut-off values satisfy fo(u) = fo(l) and fo(u,) =
fo(ln); therefore, [*s1(2)fo1(2)dz = [} s1(2)fo,1(2)dz = 0. It follows that
T is asymptotically unbiased under the hypothetical model with error cdf Fj.
Consistency of S is ensured thanks to the correction in Step 4 or the use of 3 in
equation (4). Moreover, the hard rejection ATML-estimator is asymptotically



unbiased under point contaminated distributions of the form F = (1 — €)Fp +
€A,,, where 0 < e <1, A, denotes the cdf of a point mass at zg, and zg belongs
to the rejection domain.

4 Robustness properties

In this section we show that the breakdown point of the TML- and ATML-
estimators are not lower than the breakdown point of the initial estimator;
moreover, we provide the influence functions of these estimators at the model.

4.1 Functional definitions. First, we establish the functional definition of
the ATML-estimator. We denote by T (H), S(O)(H) the initial estimator
functionals, let (x,y) denote a generic observation and let

y —x"TO(H)

TH (X7 y) = 5(0) (H)

be a generic standardized residual with respect to T (H). We define F as
the distribution of p(rg(x,y)) and let F;” denote the distribution of p(e;) under
the model. Also, let

2
=
I

min| inf F;(2)/Fy (2), 1],
z>n
t(H) = max[F~ (a(H)),1],
where Fjf “(a(H)) is given by some interpolation rule between
H(H) = inf(: | F};(2) > a(H)) and #(H) = sup(= | F}(2) < a(H)).
Moreover, let
Fi(z) = Fi(2)/a(H) if 2 < 1(H),
H\Z) = 1 it 2> t(H),

be the distribution F} truncated at t(H). We set

wy (x,y) =1 (p(ru(x,y)) < t(H)),

and define
L(H,0,0) = ﬁEH[me,y)p((y —x70)/0)] + A(H) In(0),
where
BUH) = ! / w(p(=)/H(H))s(2) fo(2)dz
= Fo(u(t(H)) — Ro((t(H))) | Y PI0RES

and [(t), u(t) denote the lower and upper solutions of p(z) = t. The final ATML-
estimator functionals T(H) and S(H) are then defined by

(T(H). S(H)) = axg min L(H.0.0). (6)



The TML-estimator is a special case of (6) with t(H) = n, o(H) = F (1),
B(H) =0, l(t(H)) =1, and u(t(H)) = u, I, and u being the lower and upper
solutions of p(z) = 7.

4.2 Breakdown point. We now consider the neighborhood of Hy given by
H.={H:H = (1-¢)Hy+eH* and H* is a distribution on RPT*},

where € € [0,0.5). We assume that the breakdown point of the initial estimators
is €5 > 0. In particular, we assume that, for any ¢ < £§, there exists o1(¢) > 0
and oa(g) < 0o, such that oq(g) < SO (H) < o3(e) for any HeH..

Theorem 1. If P(xT0 # 0) > 0 for all @ and F; has a finite mean, then the
breakdown point of (T(H), S(H)) is larger or equal than &j.

4.3 Influence functions. In order to derive the influence functions, we observe
that the functional (T'(H), S(H)) can also be defined as a solution of the system

el (e (o)) (S )] -0 o

o o () (3R] = s

where w(z) = I(|z] < 1). We denote by IF((xo,y0), Z, H) the influence function
at (xg,y0) of a functional Z(H), when the data are distributed according to
H. At the model Hy(x,y), we use the abbreviation zp = (yo — x4 0)/c and
note that It and Is depend on (xg, yo) via (xg,20). Therefore, we use the
abbreviations I (xo, 20), 19(xo0,20) (or IS, I3) in place of IF((xo,yo0), T, Ho),
IF((Xo, yo), S, HQ)

Theorem 2. The influence function at the model of the non-adaptive TML-
estimator (T, .S) is given by

I§(x0,20) \ _
(oo ) = vaxa, ) o)
where
M= a1Eg[xxT] b1 Eglx] -t
o agEG[XT] bQ ’
a; = %/I s1(2) fo(2)dz, as = %/I sh(2) fo(2)dz, (10)
1 u 1 u
o= 2 [ b= [ SEheE )
_ c1(xo, 20) + d1(x0, 20)
a(xo0, 20) = ( c2(20) — B + da(x0, 20) — BI% (%0, 20) ) ’



c1(x0,20) = s1(z0)I(l < zo < u)xo,

ca(z0) = s2(z0)I(l < zp < u) —af,
Qi o) = 8 ()~ s1(0)] Bebox o + fusa(w) ~ 11 () Bl I
Bax0,20) = T (foa(w) — 5o(0)] Bl o+ fusa(w) — Is2(D)] I )

a=Fy(u)— Fo(l), B= mzu@(z)fo(z)dz,

1
I3 (%0, 20) = = [ufo(w) = LoD Tsw@ + Ap(zq) (1) — @,
and (I, Isw ) denotes the influence function of the intitial estimator (T, ().

Remark 1. In practice, G and o must be estimated. We propose to use S in
place of o and to estimate Eg[xx'] and Eg[x| with

A lelXT ~ W;X;
Eg[xx"] _%, Ealx] = %w- :

Theorem 3. If Fy(u) has a continuously differentiable density function fo,
such that f;7(z) > 0 for all z > 0, the influence function of the ATML-estimator
at the model Hy is given by (9), where q(x,, 20) = (s1(20)%0, s2(20) — 1)T, and
a1, ag, by, by are given by (10)-(11) with v = -1 = oo.

Remark 2. According to Theorem 3, the influence function of the ATML-
estimator coincides with the influence function of the maximum likelihood esti-
mator. This result strongly suggests that the ATML-estimator is fully efficient
at the model Hy. A rigorous proof of this theorem is still lacking but we conjec-
ture that it can be given using the methods of Gervini and Yohai (2002). (These
authors prove asymptotic normality of a truncated least squares coefficient esti-
mator assuming a symmetric error distribution with ¢ as a nuisance parameter;
they also show that the rate of convergence of the initial estimator may affect the
rate of convergence of the final estimator. For this reason, the TML-estimator
starts with an S-estimator which is asymptotically normal at rate n~'/2). On
the other side, Theorem 3 is not useful to estimate the finite sample variance
of the ATML parameter estimates, which is clearly larger than the variance of
the maximum likelihood estimate. Empirical computations show however that
a reasonable estimate of the covariance matrix of the ATML-estimate is

Cov((T, S)) = LM [

lez'ZU}i/q(xi’z)Q(Xiaz)Tfo(z)dZ MT, (12

where M and q are computed according to Theorem 2 but the cut-off values
are set to u, and [,,.

n

10



5 Empirical results

The performance of the estimators defined in Section 3 was evaluated with the
help of Monte Carlo simulation. Bivariate observations (x;,y;) were generated
according to the nominal model

yi = Op+xzi014+0e, i=1,...,n,
xT; N(O,].), eiNF(),

with 8 =0, 1 =1, 0 = 1. Both the standard Gaussian and the standard Log-
Weibull error distributions (Fp) were considered. In the Gaussian case, the fixed
cut-off value u was set to 2.5 so that the nominal fraction of retained observations
was Fy(u)—Fp(l) = 0.9876. In the Log-Weibull case, the fixed cut-off values were
u = 1.8554 and | = —4.5277 so that fo(u) = fo(l) and Fy(u) — Fo(l) = 0.9876.
The preliminay cut-off for the ATML-estimator was n = p(u). Since the results
for the Gaussian and the Log-Weibull case were very similar, only the latter are
reported here. (Gervini and Yohai, 2002, report results for the Gaussian case
and their adptively truncated least squares estimator.)

Simulations at the nominal model. Table 1 gives simulated variances (mul-
tiplied by the sample size n) of intercept, slope, and scale estimates. As ex-
pected, both the TML- and ATML-estimates attain a much higher efficiency
than the initial S-estimate and the variances of the adaptive estimates get close
to the maximum likelihood values when n increases. However, the efficiency gain
provided by adaptive versus fixed truncation does not appear to be appreciable
unless n is large (n > 200).

Estimator : n | 20 50 100 200 500 1000 oo
intercept S 3.29 336 3.26 3.12 3.34 339 2.76
TML | 1.86 1.45 1.30 1.27 1.22 1.26 1.20

ATML | 1.71 1.45 1.28 1.25 1.17 1.17 1.11

ML | 124 1.17 1.16 1.17 1.13 1.16 1.11

slope S 4.15 3.69 3.68 3.60 324 322 284
TML | 2.20 155 1.34 1.24 1.10 1.11 1.10

ATML | 2.20 1.55 1.30 1.19 1.03 1.03 1.00

ML | 1.35 1.12 1.07 1.07 0.97 1.00 1.00

scale S | 109 1.13 106 1.09 1.05 0.95 1.04
TML | 096 094 0.84 088 0.82 0.78 0.81

ATML | 0.96 0.94 0.83 0.84 0.71 0.67 0.61

ML | 0.69 0.65 0.61 0.66 0.58 0.61 0.61

Table 1. Simulated variances multiplied by sample size n
at the nominal Log-Weibull model (2000 samples).

In addition, standard normal 95%-confidence intervals for intercept and slope
were computed using the influence function estimates of variance (12). Table 2
gives the observed coverages: unless the sample size is very low (n < 50), the

11



coverages provided by the TML- and ATML-estimates are close to the nominal
level.

n S TML ATML ML

20 88.7/844 844 /768 84.5/749 91.0/82.1

50 90.4/89.1 91.0/86.6 91.0/86.5 94.3/89.5
100 91.7/89.9 91.9/89.9 92.2/90.2 93.7/91.0
200 92.7/91.2 94.4 /929 94.2/929 94.8/93.0
500 929 /93.7 95.0/947 951/949 950/ 950
1000 92.1 /93.8 944 /944 948 /945 94.7/94.3

Table 2. Coverages (%) for intercept / slope
at the nominal Log-Weibull model (2000 samples).

Simulations under point contamination. In order to assess the behaviour
of the three estimators in the presence of outliers, we used contaminated sim-
ulated samples, where a fraction e of pairs (z;,y;) was replaced with a fixed
point (zg,yo). In addition, we used the mean squared error of the fitted val-
ues as a criterion of goodness of fit. More precisels, for each simulated sample,
we computed the estimates ng) = In E(exp(y)|z;)®* of the conditional log-
expectations v; = In E(exp(y)|z;) (¢ = 1,...,n) as well as the mean squared

errors MSE® = (1/n) Y7, (VZ(-k) —v;)? (where k indicates the estimator type).
Table 3 gives the average mean squared errors based on 1000 samples of size
100 with € = 10%, z¢ = 1, and various values of 5. The MSE-s of the TML-

and the ATML-estimators are very close over the entire range of yg values.

Yo S TML ATML ML
0.0 | 0.062 0.051 0.050 0.050
1.0 | 0.056 0.025 0.024 0.019
2.0 | 0.148 0.040 0.039 0.031
3.0 | 0.242 0.080 0.078 0.067
3.4 10.272 0.102 0.100 0.088
4.0 | 0.247 0.129 0.128 0.118
5.0 0.203 0.182 0.182 0.177
6.0 | 0.159 0.219 0.224 0.235
7.0 | 0.118 0.244 0.255 0.303
8.0 | 0.093 0.222 0.240 0.362
9.0 | 0.075 0.210 0.233 0.425
10.0 | 0.071  0.167 0.189 0.485
15.0 | 0.062 0.049 0.055 0.799

Table 3. Average mean squared errors under point contamination
at (xo,y0); € = 10%, o = 1, n = 100, 1000 samples.

The maximum average mean square error (maxMSE) of each estimator was
estimated using a grid search. We observe that the maxMSE (indicated with
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bold face characters in Table 3) of both the TML-and the ATML-estimators is
smaller than the maxMSE of the initial S-estimator.

6 Example

We consider a sample of 100 patients hospitalized in a Swiss hospital during
1999 for “medical back problems”. We study the relationship between the cost
of stay (Cost, in Swiss francs) and some explanatory variables that are available
on administrative files: length of stay (LOS, in days), admission type (0 =
planned, 1 = emergency), insurance type (0 = regular, 1 = private), age (years),
sex (0 = female, 1 = male), discharge destination (1 = home, 0 = another health
institution). This relationship is often used as a basis for reimbursement. We
use the abbreviations y = log(Cost), 1 = log(LOS), z2 = admission type, z3 =
insurance type, 4 = age, x5 = sex, and xg = discharge destination.

The log(LOS)/log(Cost)-plot of Figure 1, panel (a), suggests the tentative
model

Yy = XTO + €,

where the errors e; are distributed according to a Log-Weibull distribution,
xT = (1,21,...,26), and 87 = (0g,01,...,0s). We observe a few mild outliers,
but no leverage points. Table 4 shows the results provided by a TML-estimate
of @ (with fixed cut-off values u = 1.8554 and | = —4.5277), the maximum
likelihood (ML) estimate, as well as the classical least squares (LS) estimate
(as the most easily available procedure). The robust and classical coefficient
estimates seem quite similar, but the classical estimates of scale are much larger
than the robust estimate.

TML ML LS

91‘ st.err. t él st.err. t él st.err. t

1 7.10 0.086 8259 | 7.19 0.137 52.30 | 7.25 0.162 44.77
r1 | 0.89 0.017 53.00 | 0.81 0.026 30.93 | 0.82 0.031 26.75
ro | 0.31 0.030 10.30 | 0.17 0.047 3.58 | 0.24 0.055 4.28
r3 | -0.06 0.049 -1.17 | 0.13 0.074 1.81 | 0.08 0.087 0.95
zg | -0.00  0.001 -1.21 | 0.00 0.001 1.04 | -0.00 0.001 -0.85
zs | 0.03 0.030 1.17 | 0.18 0.047 3.79 | 0.07 0.055 1.21
re | -0.07 0.040 -1.69 | -0.06 0.065 -0.96 | -0.11 0.076 -1.50
scale estimate: 0.136 | scale estimate: 0.208 | scale estimate: 0.246

Table 4. Full model: coefficient estimates, standard errors, and t-values
provided by the TML-estimate (Log-Weibull errors), the maximum
likelihood (ML) estimate and the least squares (LS) estimate.

The model can obviously be simplified by removing the non-significant effects
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of variables =3, x4, x5, and zg. We obtain the results reported in Table 5.

TML ML LS
0; st.err. t 0; st.err. t 0; st.err. t
1 | 7.00 0.049 144.02 | 7.35 0.077 94.91 | 7.12 0.081 88.32
r1 | 0.89 0.017 5149|080 0.029 27.72 | 0.82 0.030 27.28
ro | 0.35  0.029 11.96 | 0.15  0.049 3.14 | 0.26 0.061  5.17
scale estimate: 0.139 | scale estimate: 0.236 | scale estimate: 0.247

Table 5. Reduced model: coefficient estimates, standard errors, and t-values
provided by the TML-estimate (Log-Weibull errors), the maximum
likelihood (ML) estimate, and the least squares (LS) estimate.

The residual qg-plot of Figure 1, panel (b) indicates that the Log-Weibull
model is an adequate description of the error distribution. (A similar analysis
based on a Gaussian error model provides an inferior fit). We may therefore use
the reduced model to estimate yp, = E(exp(y) | x) = exp(xT0)[(1 + o), i.e.,
the expected cost for given x = (1,21, 22)T. The estimate is

fi = exp(xTOT(1 + 5) (13)

and a standard confidence interval for u, can be computed using the following
estimate of variance,

Var(fi) =~ fi2xTCov(T)x 4 j2I'(1 + 6)*Var(S) + 2421 (1 + 6)Cov((T, S)),

which is obtained from the influence function of fi,. (The notations I'(-) and
I'(-) indicate the gamma and the digamma functions). Estimates and confidence
intervals are reported in Figure 1, panel (c), for different values of LOS and
admission type. Figure 1, panel (d) shows analogous estimates and confidence

intervals based on the classical maximum likelihood estimate.

Figure 1 about here

In this example, an important effect of the outliers is to inflate the classical
scale estimates. This effect is due to the few outliers marked with crosses in
Figure 1, panel (a). If we remove these observations from the sample, the
classical scale estimate becomes 0.134, which is very close to the robust estimate
0.139. Observe that the scale is not a nuisance paramer but, according to (13), is
a main component of the conditional mean. In addition, the robust estimate of
02 (0.35) is markedly larger than the classical estimate (0.15). As a consequence,
the robust conditional cost estimates of emergency cases are considerably higher
than the classical ones, especially for large LOS values (Figure 1, panel (¢) and
panel (d).
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Appendix

Lemma 1. If H € H., then 1 > a(H) > 1 — ¢, and FE(Z) > FOJF(Z) for z > .
Proof. The lemma follows from the definition of ¢(H), since t(H) < t(H).

Lemma 2. Let ¢ < ¢} and assume that F; has a finite mean. Then

sup L(H, TO(H), S (H)) < 0.
HeH:.

Proof . For any H € H.,

t(H) B
L(H, TOH), SO (H)) = / 2dF(2) + B(H) In(S©O (H)).
0

Since t(H) > n, using Lemma 1:

n 5 t(H) 5
L(H,TOH), SO H)) = / 2dF(2) + / 2dF(2) + B(H) In(S© (H))
0 n

A

e+ / T LdFF (2) + B(H) In(o2(6)) < oo,

Proof of Theorem 1. Without loss of generality, we assume that 8 = 0 and
o = 1. First, we prove that

sup S(H) < .
HeH.

In fact, if this was not true, there would exist a sequence H, € H. such that
lim,, o S(H,) = co. Since t(H,) > n, it follows that 5(H,) > 0 and, therefore,

lim L(H,, T (H,),SY(H,)) > 6(H,)In(S(H,)) = co.

n—00

This, toghether with the Lemma 2, would contradict the definition of the initial
estimates. We now show that

sup T(H) < oc.
HeH.

Suppose this is not true; then, there exists a sequence H, € H. such that
lim,, oo T(H,) = co. Without loss of generality, we assume that tq,, = T (H,) —
to, tn, = T(H,)/c, — t with ¢, = ||T© (H,)||, and that 2, = S (H,) — 20,
zn = S(H,) — =1, t, = t(H,) — to (to may be 00), a,, = a(H,) — a,
B,, = B(Hy) — By- Note that zg > 0 thanks to the assumptions. Then,

Eq, lwm, (xy)p((y = x"T(H,))/S(Hn))] = (1 = &) By [Ru(x, )], (14)

where

Ru(x,y) = p((y = cax"t0)/22)I[p((y — X t0n)/20n) < tn)]-
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Let
Va(x) = Eny [Ra(x,y) | x]; (15)

we show that, if xTtg # 0,

lim Vo (x)+5, In (S(Hy)) — oc. (16)

n—oo Qi
Consider a fix x such that xTtg # 0 and let
an = P, [p((y — XTtOn)/ZOn) <tn | x].

Then
lim inf a, > a= Py,[p((y —x t0)/20) < to | x] > 0.

n—oo
We first consider the case z; > 0. Let K > 0 be arbitrarily large and k; such
that |z| > kq implies p(z) > 2K/a and let kg such that P, (y < k2) > 1 —a/4.
Let ng be such that |c,xTt,|>k12, + k2, and a,, > (3/4)a. Then, for n > no,

R, (x,y) > (2K/a)I {p (y — xton)/20n) < tn} N{y < ka2}].

Since Py, [{p((y — xTton)/z0n) < tn} N{y < k2} | X] > a/2, we get V,,(x)>K.
But then, lim,, o V5 (x) = 0o and (16) follows.

We now consider the case z; = 0. Let k; > 0 and v > 0 be such that p(z) > v|z|
for |z| > k1 and let ko be such that Pr,(y < ko) > 1 —a/4. Let ng be such that
lenxTt,|>k1 + ko, 2, <1 and a, > (3/4)a. Then, for n > ng,

Vi, > l—klPHo[{p((y — XTtOn)/ZOn) < tn} n {y < k‘g} | X].

Since P, [{p((y — xTton)/20n) < tn} N{y < k2} | x] > a/2, we get that, for

nZTLO,
Loy, o () 2 2+, log(zy) = 200 l08En) -y

n Zn
where 6 = (1 — €)ky va/2. By the 'Hopital rule, lim, .o zIn(z) = 0, and then,
using (17), we get (16). Since P(xTto#0) > 0, by (14), (15), and (16) we have

lim L(H,, T(H,),S(H,) >

n—00

lim Ep, [(1; v (%) + 8, 1og(S(Hn)} = .

n—00 n

Therefore, there exists an integer m such that L(H,,, T(Hy,),S(Hy) >
L(H,,, T (H,,),S"(H,,)), contradicting the definition of (T, S).

Lemma 3. The influence function of a(H) at the model Hy is given by

I° = min {mf <1ﬂ10 4+ B 1> ,o] ,

2 \o B () 57 T Ry ()
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where py = p((yo — x0) /o) and A(r) = u(r) fo(u(r)) — 1) foll(r).
Proof. Let He = (1 — €)Hop + Ax,,y,, Where Ay, 4, denotes the cdf of a point
mass at (Xg,y0). We have

Ffy (r) = (1 = €)Pry (A) + €Axy 1y, (A),
where

A = {i(nSOH) /o +x"(TO(H) —0)/o < z <
u(r)SO(H,.) /o +x" (T (H,) — )/}

and z = (y —x180) /0. Since fo(u(t)) = fo(l(t)), we obtain
P, (A) = Fo(u(r)) — Fo(l(r)) + g [u(r) fo(u(r)) = U(r) fo(L(r))] I3 + o(€).
It follows that

FH" (r) =1+4+e€ €
= - (0)
Fy(r) o Fy(r)® Fy(r)

where 1(r) = u(r) fo(u(r)) — 1) fo(0(r)) and Ay (r) = Apyy(A) with p =
p ((yo —x30)/c) . The lemma easily follows.

L0 g0 B )

Proof of theorem 3. We first suppose that 7(H) is any cut-off value de-
pending on H, that o(H) = Fj(7(H)) and that f(r(H)) > 0. Inserting
H, = (1—¢€)H + €Ay, 4, for H into the defining equations of (T, S) and taking
the derivative with respect to € at € = 0, we obtain the system

Al(H)IT+b1(H)IS = Cl(H)+d1(H), (18)
ay (H)It +by(H)Is = co(H)+do(H) —a(H)Ig — B(H)l,  (19)
where
Ai(H) = Ep|w(x,y H)sy(z)xx"] /S(H) (20)
ay(H) = Epylw(x,y, H)sy(2)x] /S(H), (21)
bi(H) = Egylw(x,y, H)s\(2)zx] /S(H), (22)
ba(H) = Epylw(x,y, H)sy(2)z] /S(H), (23)
ci(H) = w(p(z0)/7(H))s1(20)%o0, (24)
ca(H) = w(p(20)/7(H))s2(20) — a(H)G(H) (25)
0
aH) = |3k ()]
0
) = |gE e ) (]

z and zg are abbreviations of (y — x'T(H))/S(H) and (yo — x¢ T(H))/S(H),
respectively, and
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w(x,y, H) = w (T(L)p (ygc(TO;I(‘g))(H)>) :

Since w(z) = I(|z| < 1), and assuming that differentiation and integration with
respect to G can be interchanged, we have:

B o (U (y—x"T(H) N
am = Eo g [ e (Mg ) arw ~ ]
B 2 U(H.) ) y— XTT(H) y
©H) = Fo Oe /L(HE) 2< S(H) >dF(y| ) 6_01’

where F(y|x) denotes the conditional distribution of y for given x (with density
f(ylx)) and

UH) = x"TOH) +u(r(H)S" (H),
L(H) = x"TOH)+1(r(H))SO(H).
Therefore,
di(H) = Eg|[(s1(zv) f(UH)X) Iy = s1(z) f(L(H)[x)IL) %],

d2(H) = Eg|[s2(zv) f(UH)X) v — 52 (20) f(LH)x)IL],
where zy = [U(H) —x"T(H)] /S(H), z, = [L(H) —x"T(H)] /S(H). More-
Iy = xTIpo +u(r(H)) g0 +u'(7(H))SO(H)I,,
I x Ipo) + (T (H)) g0 + U'(7(H))SO (H)I,,

and I, = IF(yo, 7, H) is easily obtained (Huber, 1981, p. 56).

Suppose now that h = f((y — x¥0/0)g(x), that TO)(H) = T(H) = 6,
SO(H) = S(H) = ¢ and that f+(r(H)) > 0. We use the following abbre-
viations: 7% = 7(H), u* = u(r*), I* = I(r¥), @ = W/(v%), | = U'(r*). We
have zy = u*, zp, = I*, U(H) = x'0 + u*o, L(H) = x%0 + "0, Iy =
xTITm) +u*Igo) +Gol., It = xTITm) + " Ig0) + ZUIT and obtain

di(H) = Ec[(k,1(77) + k21 (77) + k31 (77))x], (26)
do(H) = Eg[ki2(7") + ko2(77) + k3 2(77)] (27)

where, for j =1, 2,

Bug(r) = S [ss0) = 55 %" o, (28)
Baglr) = J) s (") — 15 0°)] T (29)
Baslr?) = S [sy () ~ ;0] 1 (30)



Finally, we assume that h(x,y) = hy(x,9) = fos((y — xTO/0)g(x), where
fo.» denotes the error distribution model truncated at [(b) and u(b) and b is suf-
ficiently large to have T(9)(H,) = 6 and S(*)(H}) = o. It follows that T(H,) = 60
and S(Hp) = 0. Moreover, we consider the cut-off value 7(H) = t(H) —a, where
t(H) is defined in Section 5 and a is an arbitralrily small positive number. Thus,
™ =1(Hy) = b—a, fop(2) = fo(z) for z € [I(b— a),u(b— a)], and fi(r*) > 0.
Therefore, the assumptions of the preceding paragraph are satisfied and I is
well defined for H = H;,. We obtain

Aro(Hp)IT +b1,o(Hp)Is = c1,0(Hp) +
Ea [(kl,l(b — a) + k‘g,l(b — a) + k‘g,l(b — a))x] R
ay (Hy)Ir + boo(Hy)Is = coq(Hp) +

Eclki2(b—a)+ ko2(b—a) + ks 2(b—a)]
704,1(Hb)f[3 — ﬂa(Hb)Iow

where the suffix a indicates quantities that depend on a, the suffix b indicates
quantities that depend on fo 5, f = fo in k; ;, and the influence functions depend
on H = H,. Deriving fo(u(2)) = fo(l(z)) at z = b — a, we get v/ (2)s1(2) —
I'(z)s1(z) = 0 and thus k3 1 (b—a) = 0. Moreover, o, (Hy) = 35 ,(Hyp). Therefore,

A o(Hy)It +b1o(Hp)ls = cio(Hp)+Ecq[(k11(b—a)+ke1(b—a))x],
a;a(Hb)IT + bg,a(Hb)IS = Cg,a(Hb) + Eg[k’LQ(b — a) + k’272(b - a)] +
Oralflo) (7 4 () — Ago(b— a)
Bao(Hy) " ¢ v
76a(Hb)Iaa'

Taking the limit for a — 0, we obtain a system for It and I when H = Hy, and
T(H) = t(H). Letting b — oo, we have k1 1(b) — 0, k2.1(b) — 0, k1 2(b) — 0,
k2,2(b) — 0, By o(Hy) — 1, Byo(Hs) — 1, Bo(Hp) — 1, ag(Hp) — 1, Ay, (b) —
1; in the limit, the system defines the influence functions of the maximum
likelihood estimates.

Proof of theorem 2. The influence function of the TML-estimator at the
model Hy can be derived by specializing the proof of Theorem 3. More precisely,
it is defined by equations (18)-(19), where Ig = 0 and Ay, ag, by, ba, c1, ¢z are
given by equations (20)-(25) with ¢(H) = n. In addition, d; and ds are given by
(26)-(30) with k31 = k3 = 0. Finally, the influence function of o(H) = F7;(n)
can be easily computed; we find

TF (<0, 90), F55 (1), Ho) = ~2(0) T30, + By, (0) — Fif (),

where gy = p((yo — x36) /) and 7(r) = u(r) fo(u(r)) — 1(r) foi(r))-
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Figure 1. Panel (a): log(LOS) and log(Cost) of 100 patients of a Swiss hospital;
circles denote planned admissions, bullets denote emergency admissions, crosses
denote outliers such that w; = 0. Panel (b): residual qg-plot provided by a
TML-estimate for Log-Weibull errors; the dotted horizontal lines correspond
to the cut-off values. Panel (c): robust estimates and confidence intervals for
the expected cost of planned admissions (full line) and emergency admissions
(broken line). Panel (d): maximum likelihood estimates and 99%-confidence
intervals for the expected cost of planned admissions (full line) and emergency
admissions (broken line).
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